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CHAPTERI

Remarks on Non-Newtonian 2-Normed Spaces

Cenap DUYAR!
Nihan GUNGOR ?

Introduction

The theory of 2-normed spaces was first developed by Gahler in
1965. Between 1973 and 1977, Diminnie, Gahler and White made
detailed studies on 2-inner product spaces and introduced the
concept of strictly convexity on 2-normed spaces. Especially in
2001, Gunawan and Mashadi discussed the concepts of convergence
and Cauchy sequence in 2-normed spaces. However, in their study
in the same year, they generalized 2-normed spaces to n-normed
spaces (Gunawan & Mashadi, 2001). In recent years, the new studies
have been carried out on the equivalence of n-normed spaces

! Prof. Dr., Department of Mathematics, Ondokuz Mayis University, Samsun, Turkey,
ORCID: 000-0002-6113-5158
2 Assoc. Prof. Dr., Department of Basic Sciences, Samsun University, Samsun, Turkey,
ORCID: 0000-0003-1235-2700
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(Diminnie et al., 1973; Dutta, 2010; Duyar et al., 2017; Ogur, 2018;
Ogur, 2022).

Now let us summarize the mentioned concepts by using their
sources (Dutta, 2010; Gunawan & Mashadi, 2001; White, 1969)

Definition 1.1. If a real-valued non-negative function
d:E X E X E - R* U {0} satisfies the following conditions, then
this function is called a 2-metric and the pair (E,d) is called a 2-
metric space:

(2M1) There is a point s in E such that d(u, v,s) # 0 for different
points u and v of E.

(2M2) When d(u, v,s) = 0, at least two of the elements u, v, s must
be equal.

2M3) d(u,v,s) = d(u,s,v) = d(v,s, u).
2M4) d(u,v,s) < d(u,v,w) +d(u,w,s) + d(w,s, v).

Definition 1.2. (Gahler, 1965) Let E be a real linear space
with dimension greater than one. A real-valued function ||.|| on
E X E that satisfies the following conditions is called a 2-norm on
E, and the pair (E, ||.|]) is called a 2-norm space:

(2N1) [lu, v|| = 0 for each u,v € E and ||u, v|| = 0 if and only if
the set {u, v} is linearly dependent,

(2N2) ||u, v|| = ||v, u|| for each u, v € E,
(2N3) |lau, v|| = |alllu, v|| for each u,v € E and a € R,

(2N4) |lu + v, s|| < ||lu, s|| + |lv, s|| for each u,v,s € E.



There is the following relation between 2-normed space and
2-metric space:

dlu,v,s) =|lu—s,v—s].

According to the property (2M2) here, it can easily be seen
that ||.|| is a non-negative function. Also, for each a € R, the
equality ||u, v|| = |lu, v + au|| holds. 2-normed linear spaces are a
special case of 2-metric spaces.

Now let us state the definition of a convergent sequence and
Cauchy sequence in the 2-normed space (White, 1969; Malceski &
Anevsk, 2014; Dutta, 2010).

Definition 1.3. Let {u,} be a sequence in the 2-normed space
E. Ifthereisanelement u € E such that lim ||u,, — u, v|| = 0 forall
n—-oo

v € E, then the sequence {u,,} is said to be convergent to the point
u and, %lim u, = u is written to indicate this convergence.

n—-oo

Definition 1.4. Let E be a 2-normed space and let {u,} be a
sequence in E. If

21im [|up = tm, vl = 0
n-oo

forav € E, then {u,,} is called a Cauchy sequence in E.

Non-Newtonian calculus was developed by Grossmann and
Katz between 1967 and 1970. They first defined classical, geometric,
quadratic and harmonic calculus, then bigeometric, biquadratic and
biharmonic calculus. In 1972, they completed the book that formed
the basic framework of non-Newtonian calculus. The expression *-
calculus is also used instead of non-Newtonian calculus. It has many
applications such as science, mathematics and engineering. Cakmak
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and Basar (2012) obtained some new results on sequence spaces and
Degirmen (2021) obtained some new results for non-Newtonian
approach to C,-algebras.

In the study conducted by Duyar, Sagir and Ogur (2015),
some basic topological properties on the non-Newtonian real axis
were introduced and investigated. Also, one can take a look at the
recent studies such as those by Isik and Eryilmaz (2023) on the
properties of linear spaces defined over non-Newtonian fields and
by Rohman and Eryilmaz (2023) on fundamental results in v-
normed spaces, and by Sager and Sagir (2021) on quasi-Banach
algebra of non-Newtonian bicomplex numbers. Now, by making use
of these works, and especially those of Grossmann and Katz (1972),
the definitions and theorems to be used in this study will be given
and the theory of non-Newtonian calculus will be briefly
summarized.

Definition 1.5 A generator is an injective function whose
domain is R and whose range is a subset A of R. Arithmetic
operations with respect to a generator ¢: R — A, where u and v are
elements of A, are defined as follows and are called as g-arithmetic:

@-summation  u®v = @{p (W) + ¢ 1(v)}
@- substraction u O v =¢{p () — ¢ 1(v)}

¢- product uOv =0l W 9 ()}
¢- division uQ@v=oelp™'W /e (W)}
- ordering u<,v © o7 '(w) <o~ '(v).

@-zero number is denoted by 0 = ¢(0) and g-one number is
denoted by 1 = ¢(1). In general, g-integers are denoted as follows:
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Numbers that satisfy the condition 0 <, u are called ¢ -positive
numbers and those that satisfy the condition u <, 0 are called ¢ -
negative numbers. Thus, according to ¢ -arithmetic, each integer n
is denoted by n = ¢(n). The set

R(N), = R(N) =Ry, = {p(w):u € R}

is called non-Newtonian real numbers set. Summation and Product
operations and ordering relaion is defined as follows:

@®:R, xR, > Ry, (,v) > u®v=09{p (W) +o (v}
®: Ry, xR, 2Ry, (w,v) > u @ v=0{p (w9 ')}

<ptus,ve W) < '(v),u€Ry vER,.

(R(p, D, ®, £<p) is a complete ordered field (Cakmak & Basar,
2012). The ¢-square of a number u € R, denoted by u?e is defined
as u?? =u@u = @{[p~t(w)]?}. Also, we define the p -non-
Newtonian power with u?» = @{[¢~1(u)]P} and g-non-Newtonian
root with ‘4 = <p{q,/<p—1(u)} of a number u € R,,. The ¢ -
absolute value of u € R, is denoted by

u ,0<,u
00u u<,0

The ¢- absolute value has the following peoperties with u, v € R,,:
N lu® vl,=lul, ®lvl,
(i) |u ® vl, = lul, ® lvl,
(i) luly ©Ivly|, <4 S vl,.

Definition 1.6. If a function d,:E X E —» R, satisfies the
following non-Newtonian metric axioms, where E is a non-empty
--8--



set, then the function d,, is called a ¢-metric on E and the pair
(E,d,) is called a non-Newtonian metric space: For u, v,z € E,

(om1) dp(u,v) =0 u=r,
((pMZ) d(p(ul U) = d(p(vl U),
((pM3) d(p(u' 17) Sgo d(p(u' Z) @ d(p(zi U).

The function d,: R, X R, = R, (w,v) = d,(w,v) =[u© v,
is a non-Newtonian metric on R,

Definition 1.7. (Degirmen, 2021; Cakmak & Basar, 2012) Let
E be a non-empty set and let the ¢ -addition and ¢ -product
operations on E be defined as follows:

@ EXE->E,(uv) > u®dgv,
Op:R, XE - E,(a,v) > aOgv.

In this case, if the following conditions are satisfied, then the set E
is called a linear space over the field R,,:

(1) (E,@®g) is a abelian group by ¢- arithmetic.
(2 aOpuBev) =(@aOru) g (aOgv)
foralu,ve Eanda € Ry.

(3) (a®eb) Ogu=(aOpu) B (aOgv)
foralu,ve Eanda,b € R,

(4) (@O b) Ogu=a O (b Opu)
foralue Eanda,b € R,-

5) u O Ig, = u, where 1R, is the unity of R,,.

The establishment of the = -calculus is accomplished by
employing two generators, namely y: R - A =R, and ¢: R - B =
R, , which are chosen arbitrarily. Let y and ¢ defined an
isomorphism ¢ as follows:



tR, > Ry, t(w) = (¥t (w)).

R R
V) Lo
RY R‘P

Then
L(uEByv) = 1(wW)D,t(v)
(u, v)=1u) 8, v)
t(u®yv) = 1(W)®,t(v)
(u @y v) =1(w) @, t(v) (v #0)
u<,ve(u)<,uv),
forany u,v € R,.

Definition 1.8. (Cakmak & Basar, 2012; Rohman & Eryilmaz,
2023) Let E be a linear space over R,,. The function ||. [|,: E = R,

is called ¢-norm on E, if it is satisfies
(pNy) llully 24 0 = ¢(0) and [Jull, = 0 & u =0,
(oN2) lu Op ully = Il & llully
(@N3) llu @ vllyp < llull, @ llvily

for all u,v € E and u € R,,. The ordered pair (E, ||.1|,,) is called
non-Newtonian normed space or ¢-normed space. Here |lu[l, =
t(Jlul]). It is clear that

[llwll, — I|v|I<p|(p <y lu©gvll,.

The inequality shows that the function u — [|ul|,, is a ¢-continuous
function. Furthermore, for any u, u,, v, v, € E and p, iy € R,

I(u@rv) O We®rvo)lly <y llu Of uoll,®llv Sk ol
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and
(e O w) O (o Of Uy <4 (|M|<p O llu &g uO”(p)

®(luoly O Il O toll,y)-

The continuity of ¢ -norm function implies that the mappings
(u,v) > u®gv and (u,v) » u Of v are @-continuous from E to
E.

In this study, for the first time, a non-Newtonian 2-normed space (in
short, a 2 ¢ -normed space) will be introduced and the non-
Newtonian counterparts of the concepts of convergence of sequences
and Cauchy sequence known for 2-normed spaces and and some
related basic properties will be investigated.
Main Results

Definition 2.1. Let E' be a nonempty set. If a function d,, on
E X E x E to R}, u {0} satisfies the following properties, then d,, is
called a non-Newtonian 2-metric (or 2,,-metric) on E and the pair
(E,d) is called a non-Newtonian 2-metric space (or 2, -metric
space):
(i) There is an element z in E such that d,,(u, v, z) # 0 = ¢(0) for
different points u and v of E.

(ii) When d,(u,v,z) = 0 = ¢(0), at least two of the elements
u, v, z must be equal.

(i) dy,(w,v,2) = d,(u,z,v) = dy,(v,z,u).
(iv)dy,(u,v,2) <, dy,(u,v,w) @ dy,(u,w,z) & d,(w, v, 2).

Definition 2.2. Let E be a ¢ -linear space of dimension
greater than 1 = ¢(1) on the field R, . If a function |.,.||, on
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E X E to R}, satisfies the following properties, then this function is
called a non-Newtonian 2-norm (or 2,-norm) on E and the pair
(E.ll.,.1l,) is called a non-Newtonian 2-normed space (or 2,-
normed space):

(ND) llw, vll, = 0 = ¢(0) & uand v are linearly dependent,
(N2) llw,vlly, = llv,ull, forallu,v € E,
(N3) lla O w,vlly, = laly, O llu, vlly,
forallu,v € Eand a € R,
(N4) [[u®gv, zll, <, llu, zll,®DIlv, 2|, forall u, v,z € E.
In parallel with the definition of ¢-normed space,
lw, vy, = lu, v
is written for all u, v € E. Obviously, there is equality
d,(u,v,2) = lu g 2,v O zll,

between 2,-metric and 2,-norm. From the definitions of the non-
Newtonian 2-metric space and the 2,-normed space, it is seen that
the ¢-real valued function ||.,. ||, does not take ¢-negative values.
Also, for all u,v € E and all a € R
llw, v®ga O ull, holds.

o, the equality |lu,vll, =

The definitions and basic properties of the concepts of
convergence of a sequence and Cauchy sequence in non-Newtonian
normed spaces can be found in the work of Rohman and Ilker (2023).
In this section, the definitions of convergence of a sequence in 2,-
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normed space and Cauchy sequence will be given and some related
properties will be given.

Definition 2.3. Let {u,,} be a sequence in a non-Newtonian 2-
normed linear space E. If ,forevery v € E, we can findau € E such
that

lim |lu, ©g u,vll, = 0,
n—-oo

then the sequence {u,} is said to 2, -converge to u and

2 . 2¢p . .
?limu, = u oru, — u is written.

n—-oo

Definition 2.4. Let E be a 2,-normed linear space and let

{u,,} be a sequence in this space. If there are linearly independent
v,z € E such that

lim |lu, ©F unp, v”(p =0and lim lun, ©OF um, Z”(p =0

n,m— oo n,m-—oo

then the sequence {u,, } is said to 2,-Cauchy sequence.
Theorem 2.5. Let E be a 2,-normed linear space.

(i) If {u,,} is a 2,,-Cauchy sequence in E with respect to u and v,
then {llun, ull,} and {llun, vll, } are R,,- Cauchy sequences.

(i) If {u,} and {v,, } are 2,-Cauchy sequences in E with respect to
u and v, and also {u,} is a R,,- Cauchy sequence, then {u, ®g v, }
and {u, Oy} are 2,-Cauchy sequences.

Proof. (i) Since
llun, ully = vy, ull) = «(ll(uy Op um) G um, ull)
<y Wl(un Of um), ull @ llum, ull)

= llun ©p um ully @ llum, ully,
--13--



we have

lun ully © llum ully <p llun O um, ully.
Similarly, one gets

lum, ully © llun ully <y llun O i, ully-
Therefore

|||un; u”ga @ ”um:u”(pr S(p ”un eE um;u”(p-

Thus  {llu, ull,} is a R, -Cauchy sequence, since

lim [lu, O um,ull, =0 . Similarly, it can be seen that
n,m—oo

{llun, vll,} is an R,-Cauchy sequence.
(i) We have
|(un @k vn) O (Um Bk vim), ully
= ||(up, ©Of V) @ (U Of Vi), ully,
<y llun Op um, ully @ llvy, O v, ully
and similarly
|(un @k Vi) O (WUm Bk Vi), Vllp <y llun OF um, ully
D llvh Op v, vlly.

Then, according to the hypothesis, {u,, ©f v,,} is a 2,-Cauchy
sequence in E. Since

|(nOrun) O (UmOpum), ully,
= 1([[(urOpttn) O (UmOpun), ull)

--14--



S(p l(”(.unQEun) eE (MnGEum)' u”
@ ”(/’anEum) @E (,quEum)» u”)

= l(l.unl(pGE”un OF Um ull & |.un - /“lmlszE”um:u”)
= [(lunl(pGE”un OF Um, u”) Q) L(l#n - #mlgo@E”um:u”)
= |.un|go®E”un Sk umru”(p D lun — :uml(pG)E”um:u”(p’

Using the fact that {u,,} is a 2,,-Cauchy sequences in E and {u,} is
a R,,- Cauchy sequence, we have

| (1 Orun) O (UmOpum), ully, — 0.
Similarly

|(unOrun) O (UnOptm), vlly - 0.
Hence {1, Ofu,} isa 2,-Cauchy sequence in E.

Theorem 2.6. In any 2,-normed linear space, The following
properties hold:

. 2¢ 29 2y

(i) Ifu, > uand v, - v, thenu, g v, > u By v.
.. 2¢ -l 2¢
@) If u, = uwand u,, — u, then u,, Ozu, = UOLU.

(i ) If dimE > 2, w, S w and u, -3 v, then u = v.
Proof. (i) By Definition 2.2 (N4), we have
|(un, @ vn) O (u Bg v), zll,
= l(un ©r w) B (v, O V), 2|l

2¢
<o llun ©cu,zll, ® |lv, ©p v, 2|, = 0y

--15--



foreach z € E and so u,, ®y v, 2—¢>u D v.

(ii) By Definition 2.2 (N3) and (N4), we have

|l Orun Op MG)EufZ”<p
= |(unOpun O unOpw) B (UnOpu Op HOFU), z|l,
<o ItnOsttn Of 1y Op1t, 2l ® Ilin@pu O Oz, zll,,
= (IttalpOlluy, O u,2lly) ® (It — 1l Ol 2Il,)
<y Mty O 1, zllp @ (Iitn — 1l Ollu, zl,),

using the fact that a ¢-convergent sequence is bounded. Hence we
find 1, @ pitn -3 HO g, SINCE Uy -5 u and sy - .

(iif) We can write

”u eE U, Z”(p S(p ”un eE U;Z”go @ ”u eE un:Z”(p

A 2
and |lu ©g v, zll, = 0, for for each z € E, since u, < u and U,

2

= v. Therefore u ©g vis linearly dependent on z for all z € E.
Since dimE, It is only possible for u ©f v to be linearly dependent
oneachzifu®zv =0.
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CHAPTER II

On Measurable Sets in Multiplicative Calculus

Oguz OGUR!

Introduction

Classical Newtonian analysis has long been a fundamental tool in
mathematical analysis. However, the Non-Newtonian Calculus,
developed by (Grossman & Katz 1972), aimed to overcome the
limitations of traditional analysis and introduced a new perspective.
This alternative type of calculus, which replaces addition and
multiplication with multiplication and exponential operations, offers
a distinctive approach to mathematical modeling and problem-
solving (Grossman, 1979), (Stanley, 1999).

Non-Newtonian  and Multiplicative  Calculus have  provided
innovative solutions in areas such as differential and integral
equations, sequence spaces, and calculus of variations. (Bashirov,

1Prof., Department of Mathematics, Giresun University, Giresun, Turkey, ORCID:
0000-0002-3206-5330
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Kurpinar & Ozyapici, 2008) laid the theoretical foundations of
Multiplicative Calculus and emphasized its importance in
applications. This method has proven to be a significant tool,
especially in complex analysis (Uzer, 2010) and the study of
function spaces (Cakmak & Basar, 2014).

Studies on sequence spaces and matrix transformations (Cakmak &
Basar, 2012, 2015; Tirkmen & Basar, 2012) have highlighted the
impact of non-Newtonian and Multiplicative Calculus in abstract
mathematics. (Degirmen, 2021) conducted an in-depth analysis of
C*-algebras using Non-Newtonian approaches, while (Degirmen &
Duyar, 2023) explored Non-Newtonian interpretations of Fibonacci
and Lucas numbers. (Torres, 2021) demonstrated the applicability of
this type of calculus in the calculus of variations, opening new
avenues for solving mathematical problems.

Additionally, studies on integral equations (Giingor, 2020a, 2020b,
2022) have shown how Non-Newtonian analysis diversifies solution
methods. In topology, (Duyar, Sagir & Ogur, 2015), as well as
(Duyar & Ogur, 2017), investigated fundamental topological
properties of the Non-Newtonian real line. Also, recent studies, such
as those by (Isik & Eryilmaz, 2023) on the properties of linear spaces
defined over Non-Newtonian fields and by (Rohman & Eryilmaz,
2023) on fundamental results in v-normed spaces, have contributed
significantly to the understanding and development of alternative
mathematical frameworks.

Finally, Non-Newtonian analysis has found a broad application area
in measure theory. (Ogur & Demir, 2019, 2020) examined the Non-
Newtonian Lebesgue measure, while (Duyar & Sagir, 2017) studied
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its implications on the Non-Newtonian interpretation of real
numbers. (Ogur & Giines, 2024) extended these findings by
exploring Non-Newtonian measurable sets, further demonstrating
the potential of this type of calculus in abstract mathematics.

Now, let’s introduce some basic concepts in non-Newtonian
analysis. Let p be a generator which is an injective function from
R toA=R(N), € R. Let’s define the non-Newtonian algebraic
operations as follows;

p — addition s+t =p(e~(s) + p~1(®)
p — subtraction s=t=p(p~i(s) — p~1(t))
p —multiplication s xt = p(p~t(s) x p~1(t))
p — division s+t=pp () +pTH(D)
p — order s<tep () <pT(®)

for any s,t € R(N), (Grossman & Katz, 1972). The non-
Newtonian absolute value of any element of ¢ € R(N), defines as

follows
t, ift>0
ltl, =4 0, ift=0
0=t ift<o0

where p(0) = 0. Also, we have ¥t~ = p(Vp™1(®) and t"e =
p((p™2(®)") (Grossman & Katz, 1972).

At this point, we can introduce geometric analysis, a specific
case within the broader framework of non-Newtonian analysis. For

this purpose, setting p(s) = exp (s) will be sufficient. Let

-21--



p:R - R*Y, s> p(s) =exp(s)
and so
p LRT > R, p71(t) =In(t).
Thus, we get
R(N), = Reyp = {exp(s): s € R} = R¥,
Rexp = {exp(s):s € R*} = (1, +o)
and
Rexp = {exp(s):s € R7} = (0,1)
where exp(0) = 1. By the definition, we have the multiplicative
sum of s,t € R,,, as follows;
s+t = exp(Ins + Int) = e D = ¢,

By using similar way, we get the multiplicative algebraic operations

as follows;
s+t = st
2+ =S
st = /t
sxt =gt
1
S+t = st

In this section, we will use the symbols ()expr Aexps
exple s rinf, “Psup to represent the open interval, Lebesgue

measure, sum, infimum and supremum, respectively, in the context
of multiplicative calculus.
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Let us now present some definitions and results commonly known
in real analysis; to this end, it will suffice to provide the fundamental
concepts outlined in Natanson's book (Natanson, 1964).

Definition 1. The length of an open interval (a, b),i.e.,b —
a, is called the measure of the interval (a, b). This number is written
as

Ala,b) =b—a

(Natanson, 1964).
Definition 2. The measure A(G) of a non-void bounded open
set G is the sum of the lengths of all its component intervals gy ;
A(G) = L Aor)
(Natanson, 1964).
Theorem 1. Let G, and G, be two bounded open sets. If
G, c G,, then
A(Gy) < A(Gy)

(Natanson, 1964).
Theorem 2. If the bounded open set G is the union of a finite

or denumerable family of pairwise disjoint open sets, i. e.
G=UrG,, G NG =0 for k #1,
then
AG) = Ty A(Gy)
(Natanson, 1964).
Definition 3. The measure of a non-void bounded closed set
F is the number
AMF)=D—-C—- AT —F)
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where T = [C, D] is the smallest closed interval containing the set
F (Natanson, 1964).

Definition 4. The outer measure A°(E) of a bounded set E is
defined as

A (E) =inf{A(T):E c T, T is bounded open set}
(Natanson, 1964).

Definition 5. The inner measure A*(E) of a bounded set E is
defined as

A(E) = sup{A(U):U c E, U is bounded closed set}
(Natanson, 1964).

It is clear that by the definition of inner and outer measure,
the inner A*(E) and outer measure A°(E) are well-defined for every
bounded set E.

The definition of measure of open intervals, as known in real
analysis, has been extended to Non-Newtonian analysis by Duyar
and Sagir as follows;

Definition 6. The measure Ay (s, t) of an open interval (s, t)
in R(N), is defined by

(s, t) = p(Ap~2(s), p~1(D))) = t=s
(Duyar&Sagir, 2017).

Additionally, in this study, fundamental definitions and
theorems regarding the measurements of non-Newtonian bounded

open sets are presented. Considering the definition above, the
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measure of closed sets in Non-Newtonian analysis was provided by
Oguz and Demir as follows;

Definition 7. The measure of a non-void bounded closed set
F in R(N), is defined as follows;

MnF = p (2(7H(0),p71 (D) = A (S = )
where S = [C, D] is the smallest closed interval containing the set F
in R(N), (Ogur & Demir, 2020).

In this section, these concepts, which have been extended to
Non-Newtonian analysis, will be further adapted to geometric
analysis by taking the special case p(x) = exp(x). The fundamental
definitions and properties of measurable sets in geometric analysis
will be examined. This special case will provide convenience for
applications of multiplicative measurable sets.

Following this general information, we can now give the
definition of the Lebesgue measure of open sets in geometric
analysis by taking p(x) = exp(x) in (Duyar & Sagir, 2017).

Definition 8. The measure of a multiplicative open interval
(s, t) exp is defined by

Aexp (S ) exp = €Xp (A(Ins, Int))
exp(Int — Ins)
= exp (ln E)

t

N

where A is Lebesgue measure in real line.

Example 1. The measure of the interval (1,4).,, can be
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found as follows
Aexp (L) exp = exp(A(Inl,in4))
= exp((In4 — In1))
=4,
Example 2. Agxp(el, €%)exp = exp(A(Inet, Ine®))
= e?,
Definition 9. Let (y;) be a family of component of intervals
of bounded open set T in R,,,. Then, the multiplicative measure of

G is defined as follows
Aexp(T) = epok Aexp(skr tk)exp

:epok(tk;Sk)
:epok(tk + Sk)
=exp(Xy n(tyx + si))
:eXp(ln(Hk(tk -+ Sk)))
=[x (tx + sx)

where y; = (si, tk)exp-

Example 3. Let T = (1,3)expU(47)exp,U(16,€°%) 0.

Then, the multiplicative measure of T is

37e%  21e°

Aexp(T) = 1376 =

Having defined the Lebesgue measure for open sets in the
multiplicative sense, we can now proceed to define the measure for

bounded, closed sets within this framework.
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Definition 10. Let U be a bounded, closed set in the sense of
multiplicative sense. Then, the multiplicative measure of U is
defined as

Aesp(U) = exp{/l(an, InL) — A(ln(S — U))}.
Here, the set S = [K, L]y, is smallest interval containing the set U.

It is note that the set S — U is an open set in sense of multiplicative
calculus.

Example 4. Let U = [e',e®] 4 U [€3, e*]cxp . Then, the
multiplicative measure of U is

Aexp(U) = exp{A(Ine?, Ine*) — A(Ine?, Ine®)}

=exp{(Ilne* — Ine') — (Ine3 — Ine?)}

=exp {in (55)}

= e?.

Theorem 3. If the set U can be write as union of finite
pairwise disjoint sets in multiplicative sense, i. e. U = Uj-, U;,
U nU; =0 forl +#s. Then, we have

Aexp(U) = ?:1( ﬂ'ex;a(Ul))-

Proof. It is clear that In(U) = Uj-, In(U;). Then, by the

measure properties in real case, we have

Aoy (V) = exp(Tjzy A(In(U)))
= exp (2121 In (exp (A(ln(Uz))»)
= exp( =1 ln( Aexl)(ul)))

-27--



= exp (ln(l_[lr=1 Aexp(Ul)))
= Hzr=1( Aexp(Ul))'

Definition 11. Let E be a non-empty, bounded set in R,,,.
The multiplicative outer and inner measure of E are defined as
follows, respectively,
A8p(E) = “PInf{ Aexp(6):E

C G, G is open bounded set in ]Rexp}

and
Aorp(E) = “Psup{ Aoy, (F):F C E, G is closed set in R,y } -

Theorem 4. If G is an open, bounded set in R,,,, then

Aexp(G) = 23 (G) = Ay (G).

Proof. Let E be an open set with G < E and F be a closed

set with F € G in R,y,. Thus, we have
Agxp(G) = expinchE{ Aexp(E)}

= exp {infmacan In ( Aexp(E ))}

= exp {inflnGclnEln (exp (A(ln(@)))}

= exp{inflnGclnEl(ln(E))}
= exp{A(In(6))}

= /1exp (G)
and

Aiexp(G) = expsuchG{ Aexp(F)}
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= exp {SuplnFclnGln( Aexp(F ))}
= exp {SuplnFclnG In (exp (A(ln(ﬂ)))}

= exp{supmreingA(In(F))}
= exp{/l(ln(F))}
= Aexp(G)
which gives the proof.
Theorem 5. If F is a bounded, closed set in R,,,,, then we
have
Aexp(F) = Axp(F) = Ay (F).
Proof. The proof is derived in a manner similar to the one
above.
Theorem 6. For every bounded set M in R,,,, we have the
following inequality;
Aoy (M) < 2,0, (M).
Proof. Let G be an open set with M c G and F be a closed
setwith F ¢ M in R,,,. Then, we get

Ay (M) = “Psuppcpr Aoxy (F))
ot )
T A )
= exp{supimrcmmA(In(F))}

é exp{lnflnM'ClnGll(ln(G))}
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= exp {inmeclnG In (exP (A(ln(G)))ﬂ

= exp {infumecmn ( Aexp(®))]
= expinchG{ lexp(G)}
= Aexp(M).
Theorem 7. Let C and D be two bounded sets in R,,. If
C c D, then we have
Aexp(€) £ Aorp (D)
and
Aoxp(C) < A3 (D).
Proof. Let E be an open set with C c E and G be a closed set

with G € M in R,,,. Then, we have
Aexp(€) = “Psupgec{ dexp(6)}

= exp {Suplnccln(:ln ( /'lexp(G))}

= exp {supmccmcln (exp (/1(1”(6))))}
= exp{supinceincA(In(6))}

< exp{supmicmpA(In(L))}

= exp {SuplnLclnD In (exp (’1(["(”)»}
= exp {sumeCmD In ( Aexp (L))}

= expsupLCD{ /1exp (L)}

= AL,y (D).
--30--



The second inequality can be obtained by similar way.
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CHAPTER Il1

Non-Newtonian Approach to Fixed Point Problem in
C" - Algebra Valued Metric Spaces

Nilay DEGIRMEN*

Introduction and Preliminaries

The Banach fixed point theorem (Banach, 1922) claims that any
contraction mapping defined on a complete metric space has exactly
one fixed point. Since then, the theorem has been generalized to
various other types of metric spaces, leading to new findings and
results.

If A is a complex Banach algebra with involution y—y" and

=|ly|[" forall yeA ,then wesaythat A isa C* - algebra

y'y
(Murphy, 2014). In 2014, Ma et al. (Ma, Jiang & Sun, 2014) defined
the notion of C” — algebra valued metric space. Since then, there

! Assoc. Prof. Dr., Department of Mathematics, Ondokuz Mayis University, Samsun,
Turkey, ORCID: 0000-0001-8192-8473
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have been many results and applications related to such spaces, we
refer to (Ma and Jiang, 2015; Chandok, Kumar & Park, 2019; Asim
and Imdad, 2020; Maheswari et al., 2022).

Calculus, a branch of analysis and an important area of mathematics
is the mathematical study of change and motion. The history of
calculus has been shaped by many contributions of mathematicians
and thinkers, culminating in the 17th century when Gottfried
Wilhelm Leibniz and Isaac Newton independently and
simultaneously defined and developed the fundamental principles of
differential and integral calculus. Michael Grosman and Robert Katz
(Grossman and Katz, 1972) created non-Newtonian calculus
between 1967-1970 years. This new approach uses functions called
generators to reshape arithmetic operations and introduce new
mathematical structures, especially multiplicative arithmetic. Non-
Newtonian calculus includes various unique and infinite types of
calculus, such as harmonic, bigeometric, geometric, and
anageometric calculus. The field has advanced rapidly in recent
years due to its wide-ranging applications in areas like engineering,
economics, biology, probability theory, approximation theory and
weighted calculus, which has led to substantial interest from many
scholars. Particularly noteworthy are the important applications of
multiplicative calculus in statistics (Carr and Cirillo, 2024),
economics (Filip and Piatecki, 2014), finance (Bashirov et al., 2011),
biomedical image analysis (Florack and van Assen, 2012), logistic
growth models (Pinto et al., 2020), contour detection in noisy images
(Mora, Coérdova-Lepe & Del-Valle, 2012), linear and nonlinear
signal representation (Bilgehan, 2015), physics (Czachor, 2021),
geometric magnetic energy (Ekinci et al., 2024), exponential signal
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processing (Ozyapici and Bilgehan, 2016), integral equations
(Giing6r & Durmaz, 2020) and cancer treatment (Momenzadeh, Obi
& Hincal, 2022), etc. Also, Non-Newtonian calculus has been
applied to topological, algebraic and analysis problems in the area of
theoretical mathematics (Istk & Eryilmaz, 2023; Rohman &
Eryilmaz, 2023; Duyar & Ogur, 2017; Ogur & Giines, 2024; Giingor,
2022; Degirmen & Duyar, 2023).

Arithmetic is a term usually associated with positive integers, but
here the term "arithmetic" refers to a complete ordered field whose
universe is a subset of R. The generator of an arithmetic system

generates classical arithmetic if | is the identity function and
geometric arithmetic if exp isthe function.Let «:R—U <R be

a bijection. Then, it is said to be a generator with range U and
defines an arithmetic. The range of generator « isdenotedby R,.

Assume that «:R—U and S:R—V be arbitrarily selected
generators and additionally *— calculus be represented the ordered
pair of arithmetics (« —arithmetic, 8 —arithmetic) .

o —arithmetic S —arithmetic
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Realm A(=R,) B(=R,)
Addition res=afa’(r)+a’(s)} t

Subtraction r—s :a{afl(r)—a’l(s)} -

Multiplicatio

0 rks:a{a‘l(r)xa‘l(s)} v
-1
Division r/S:La:a{a_l(r)} (S?ﬁOj j
S a’(s)
Ordering r<sea(r)<a™(s). <

The unique function : that serves as the isomorphism from « —
arithmetic to S —arithmetic satisfies

1. ¢ isinjective.
2. 1:U —V issurjective.

3. Forall r,veU ,

(Huj (1) F1(0),
((rxv)=1(7)% (u),z(r/u) (7)1 e(v),0=0

T<UC>l( )<1(v),

(r)=pla” (7)),

Also, for ne Z , we note that ¢(n)="m.
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If ueR, and 0<u (or u<0 ), then we say that it isa o -

positive number (or « - negative number). Additionally, R’
denotes the set of a— positive  numbers.  Also,

a(—u):a{—al(Uj}zéu for all ueR. Besides, the number

uxu is called the «— square of u, denoted by u’. If
UGR;U{O} , then we say that a[ a‘l(u)} isthe o —square root

of u , denoted by Ju (Grossman and Katz, 1922; Cakmak and
Basar, 2012).

Let Ue(U,J},—,x,/,é) and Ve(V,J},—,x,i,éj.The collection of

all *—points (U,\}j is said to be the set of non-Newtonian complex

numbers and is denoted by C(N ), that is,

C(N):{(u,vj ‘ueU C R,VGV C R}.
We will use the abbreviation “w.r.t.”” for “with respect to”.

The *— norm |l :C(N)—>[0,0) of z" isdefined by

2, = J[(_oﬂ{_oj = BN 7
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where z° = (u,v] (Tekin and Basar, 2013).

Non-Newtonian calculus offers a new perspective in mathematical
analysis by overcoming the limitations of classical calculus. In

(Degirmen, 2022), the author defined the notions of a C™ —
algebra, a Banach C(N)— algebra and a C(N)- algebra as

follows:
Definition 1. (Degirmen, 2022) A C(N)— algebraisa C(N)-

vector space A such that
ox( ) = (B )
(a+B)xy = axy+pxy,
ax(f+r) = axpraxy,
io(axg) = ax(2p) = (Afa);ﬂ
forall o,f,y€A and 2eC(N).

If Aisa C(N)- normed space w.rt. a *- norm ||.|| and

llexBli<lllx|I Bll forall a,feA ,then A issaid to be anormed

C(N)- algebra. If A is also a Banach space with the *— norm
7., then A iscalled a Banach C(N)- algebra.

Definition 2. (Degirmen, 2022) Let A be a Banach C(N)-

algebra with an N — involution ™ : A—>A, a—>a™ and
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.
la™ xcx||=]||e|| forall aeA ,then A issaidtobea C™—

algebra (non-Newtonian C* —algebra).

We will use the abbreviations “CA”, “CAVM”, “CAVMS”,
“CCAVMS”, “CAVCM”, “C.S.”, “f.p.” and “u.fp.” for “C™ —
algebra®>, “C™ — algebra valued metric”, “C™ — algebra valued
metric space”, “complete C™ — algebra valued metric space”, «
C™ — algebra valued contractive mapping”, “Cauchy sequence”,
“fixed point” and “unique fixed point”, respectively.

Motivated by the preceding discussion and extensive applications of
fixed point theory, this study discuss new types of contractive

mappings in a novel C* —algebra. We then prove several new some
f.p. theorems based on the concept of CA and its properties. The
main objectives of this study are to understand the place of this new
space in the mathematical world, to establish a general mathematical
structure, and to explore how they can be used in specific areas of
application.

Main Results
The following definition presents a new type of spectrum.

Definition 3. Let A be a CA and « < A. Then, the N — spectrum
of « is defined as

oy (a)={2eC(N) : Hl,~aeA™}.

Here, A™ is the set of N — invertible elements in A (see
(Degirmen, 2022)).
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We now introduce one of the fundamental definitions of the study.

Definition 4. Let A beaCAwithaunit I, and aeA. If a is

N — hermitian (see (Degirmen, 2022)) and o, () <[0,%), then
a 1s said to be an N — positive element in A, denoted by

a=,0,, where 0, mean the zero element in A. The set
{aeA :ax,0,} isdenoted by A} .For a,feA); if their
difference - eA) (or p-aeA’-{0,}), then we write
a=<y B (or a=<, B ). This relation =<, is reflexive, anti -
symmetric, transitive and so defines a partial ordering on A\
Remark 1. When A is a CA with a unit 1,, then, for any
aeA", wehave a<, I, < |af<l.

We are ready to enunciate the following:
Definition 5. Let W¥=Q and d_, @ ¥x¥ —>A be a function
such that

i) 0, =<y d., (uv) forall uve?.

ii) d_, (uv)=0, ifandonlyif u=v.

i) d_., (wv)=d_, (v,u) foral uve'.

iv) d_, (v)=y dey (m)+d.., (n,v) foral wv,ne'.

Then, d_., and (‘P,A,dc*N ) are called a CAVM and CAVMS,

*N

respectively.
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This definition generalizes the concept of CAVMS and so the
classical concept of metric space. If a=/=1 (identity function),

then the concepts of CA and CAVM are identical with those of
classical C*— algebraand C* - algebra valued metric.

In the following, we state some noteworthy concepts:
Definition 6. Let (‘P,A,dc*N ) be a CAVMS. Then, the elementary
concepts can be given as follows:

i) (u,) < ¥ is called convergentw.r.t. d_., if for &= 0, thereis

N

an n,=n,(¢)eN and pe¥ suchthat d_., (4, #)=y &, N2n,

d N
and is denoted by u, — u or lim" u = pu.

i) (#,) ¥ iscalledaC.S.w.rt. d_, ifforeverygiven &3 0,

thereisan n,=n,(¢)e N suchthat d_., (s, 4,)=<y &, N,M=n,.

iii) If every C.S. wrt. d_, is convergent w.rt. d_,, then

N c*N !

(W.A.d_.,) iscalled a CCAVMS.

We proceed in this section by introducing a new definition that
generalizes the concept of a contractive mapping on a metric space.

Definition 7. Let (‘P,A,dcm) be a CAVMS. We call a mapping

Ty - ¥Y—>Y isaCAVCMon Y, if thereisan AeA with
[A<1 such that

d., (Tyz. Tyv) <y Axd, (7,v)xA
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forall z,ve.

Now, we present our main result which is analogous to the Banach
f.p. theorem (Banach, 1922).

Theorem 1. If (¥,A,d_,, ) isaCCAVMSand T, isa CAVCM,
then there isa u.f.p.in .

Proof: Let z.e¥ and 7, =T,7;=T{"zn, j=12... So,
d.., (Tj+1'fj):dcw (TNrj,TNrj_l)
< A™ ;dcw (Tj,ijl);(A
3w (A" )2 e (710,71, )%A°
<y Sy (A*N )deC*N (7,,7.) %A,

This implies that for j+1>m
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d (TJ+1 ) d ( j+1 Tn)‘i‘d (Tl Z'J l)+"'+d " (Tm+l’z—m)
Bl ( ) o (70T XA+ +(A N) X oy (73,74 )XA™

m
o (5 e

( (7,7 xA‘J X[dcm (z‘l,r*)zxAj]+...
+(dC*N (7,7 ) xAm] %‘@&N (7,7 )" xAT
= dey (rl,z'*)% xAT 2 L':%c’w (rl,r*)% xA™[?

<l des, (7 m ) XATR e, (7 AT RN,

(A ) 2'1 z'* xAp+ +(AN) xd

5

< | ldgey (72.7) || ><||AJ|| Hdgey (707 ) I A

.. g2 (0 2m 2
S e (7o )P 1 < TAT +HTA |1,
5 2m
. 1. A m—o
<y Iy (rl,r*) I ><|| [ pl, —>0,.
1A

Thus, (z;) isaC.S.w.rt. d,. Since (¥,A,d_, ) iscomplete,
joo

there is an element zeW such that 7, =Tz, , — 7. Also, we
have
0, <y d_., (Tyz.7)
<y d. (TNT,TNTj)+dC*N (Trj,r)

joo

<y A, (z',rj);A+dc*N (Tj+1,T) —0,,
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therefore Tyz=7 andso 7 isaf.p.of T.

For uniqueness, let veW¥ be another f.p. of T, . Then it follows
that

0, <y Ao (z.v) =d., (Tyz, Tyv) <y A™>d., (7,v)xA

and so

0<fld_., (z.v)l=lld_., (Tyz, T )l
<||Avxd_., (z,v)=All

<A [Ixlidg, (z.v)IxIAl

=[|All x|ld., (z.v)ll
%|"|dc,ﬁN (r,v)”.

This implies that d_., (z,v)=0,. So, we conclude that z=v and

T is unique. The proof is completed.

We will use the symbol A for {a eA : ab=bxa,Vbe A}.

The following definition is a generalization of the Chatterjea's
contractive condition (Chatterjea, 1972).

Definition 8. Let (W,A.d_.,) be a CAVMS. We call a mapping

Ty - ¥ > Y isaChatterjea type CAVCM on Y, if there is an

Ac(A") with [Aj<i4 suchthat
2
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den (T Tyv) <0 Ax(d (Tyz,v)+d_., (TNv,z'))
forall r,veVY.
Theorem 2. 1f (W,A,d_.,) isaCCAVMSand T, isa Chatterjea
type CAVCM, then thereisau.f.p.in V.

Proof: Let z.e¥ and 7,,=Ty7;=T{"n, j=12... So,

j+l
deo (710075 = Ao (Ta7; Tz
<N Ax(d (T i T, 1)+d . (T TH,TJ-))
= AX(deo (T Tz o) 4 (Tary o Tary)
<N Ax(d (T 7, T\T; 1)+dC*N( NTi TNT e 2))
= A, (Tyr) Tyr )+Ad ., (TyrL Tyrs,)
=A>A<dc,‘N (TM,T )+A><d ( 7 11)
and  hence (1,-Apd, (7,5,7;) 5y A, (7;,7,).  Since
Ae(A'j‘)y with ||A||<§ﬁ we can write (IA:A) (A" ) and
AQ(I :A)le e(AN)V with [IAQ(IA:A)_lN l<1. Therefore we get
1y ~
d.. (J+lz')-< Ax(l A) xd_. (rl 7| 1)

On the other hand, for j+1>m, we have
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dc*N (z’jﬂ,rmjﬁN dc*N (Tj+1’rjj+dc*N (Tj’rj—1j+"'+dc*N (Tm+1,Tm)

[Ax(IA—A)lN ]j +[A><(IA—A)1N JJ_1+...+[A><(IA—A)1N Jm}dcm (e7.)

=N

4 (m T*)%x A NJ et (71'7*)%X AEA)_lN] &
m i
5N”ldc*N (Tl’T*)% Aq)ilN 2|2@!T—Pdc*N (Tl’r*)% Aq)ilN ]2 il
i 1.2 1 95 ]
0 ., (e *II{P&@A@\) Vi
= |

2

N\~—

0 xu[/&@ =1 ]
v ideey (72 )uéx{n/&@ A +||A>?($ —A) ”'?IA
n 10 ey (72 r*)l 2 W) i B, 50

1= ||Ax(|ﬂ A) N|'i

A

Thus, (rj) isaCS.w.rt d_,. Since (‘P,A,dcw) is complete,
jow

there is an element ze¥ such that 7, =T 7z, , > 7. Also, we
have
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Ay (Tyz.7) <y Aoy (Tyz, Ty )+d, (T207)

< AX(de., (Tyrry )+, (Tzgot)) e, (7007)
2 Ax(dey (Tyi7) 4, (70)) 4 (71007) 4 (71007)
and equivalently
(1:=A)d,, (Tyz.7) < Ax(dg, (7.7,
Therefore, we get

S~
(@]

z
—~
i

T

U

N
—~—
S~
(@]

E
—_
i

T

U

N
S~

e — BN e .
de (Turo)ii<ii Ax(1,2A) ||x[||dcw (v.2)iild, (r,ﬂ,r)n}
- - Ly s oo
#lI(1=A) " lixlidg., (7.0.7)l = 0.
This means that Tyz=7 andso ¢ isaf.p.of T,.

For uniqueness, let veW¥ be another f.p. of T, . Then it follows
that

0, <y Ao (z.v)=d_., (Tyz,Tyv)
<N A>ﬁ<(dc,,N (Tyz,v)+d_., (TNv,r))
= A>ﬁ<(dc*N (z,v)+d_., (V,Z'))
and so  d_, (z,v)=, AQ(IA:A)_l” xd_, (r,v). Using the

.~ — 1y oo .
inequality ||A><(IA—A) |l<1, we obtain
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e P —_ —_ —1N ~

o<ld_., (r,v)||£||A><(IA—A) xd_., (z,v)ll
e~ —~ Ay e .
<l Ax(1,=A) " fixlldg., (z.v)
é”dc*N (r,v)".

This implies that d_., (z,v)=0,. So, we conclude that z=v and

7 isunique. The proof is completed.

Now, we give another of generalizations of the Kannan's contractive
condition (Kannan, 1968).

Definition 9. Let (\P,A,dcw) be a CAVMS. We call a mapping

Ty : ¥ > Y is a Kannan type CAVCM on ¥, if there is an

Ae(AY ) with ||A]l<i g such that
2

deoy (Tym Tyv) 2y AX(dg., (Tyz,7)+d,, (Tevv)
forall 7,veVY.

Theorem 3. If (\P,A,dcw) isa CCAVMS and T, is a Kannan
type CAVCM, then thereisa u.f.p.in V.
Proof: Let .e¥ and 7,,=T,7; =T{"z, n=12,.. So,
dC*N (Tj+1yTj ) = dC*N (TNTj ’TNTj—l)
<N A><(dc,,N (TNTJ-,TJ-)+dC*N (TNrj_l,z'j_l))

- A;(dcm (Tyzj0 Tur; )+ (TNr,.,TNr,-_l))
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and hence d_., (fj+1,rj)ﬁN A;(U:A)_lN «d., (ijfj—l)'

In addition, for 1>1,p>1 we get

dc*N (Tl+p'/u|)_~< N dC*N (Tl+p’rl+p—l)+dc*N (Tl+p—1’Tl)
=N dC*N (Tl+p’TI+p—l)+|:dc*N (Tl+p—1’rl+p—2)+dc*N (Tl+p—2'TI ):|
-5N dC*N (Tl+p’rl+p—1)+dc*w (Tl+p—1’rl+p—2)+dcw (Tl+p—2’rl+p—3)+“'+

dC*N (TI+2 1 TI+1)+dC‘N (TI+1’ Tl )

1 I+p-1 1 I+p-2
:(AX('A—A) N) xd .y (Tl,l'*)+(A><(|A—A) Nj Aoy (73,70)

l+p-3

+(A><(IA—A)’1NJ . (7)ot

1+1 1, |
j oy (rl,z;)+(A><(lA—A) ) Xy (707)
p

I+

_lN

+(A><(IA—A)

iR

2

= de.y (Tl,z;)%x(Ax(lA—A)lej P+
+ | dC*N (Tll T*)% ;<TAX/—(—IT\ ;A’—TlN jT |2
0 (s [ AT AT )
p-l 1+1

. [ ~ -1y e~ - -1y -
5N||dcw(rl,r*)llx{nAx(lA—A) I el Ax(=A) |,

- R - -1y i
Hldee, (ro )il Ax(1,=A) T 1,

L _ 1y 4l
. 1A, =-A) | . N
=N “dcw (7117*)||X%13+”dcw (TI,T*)HX“AX(U—A) “ I/\
1-[jAx(1,-A) "l
o,
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Thus, (7;) isaC.S.w.rt. d,. Since (¥,A,d_, ) iscomplete,
there is an element ze¥ such that 7, =Tz, , j:;or. Also, we
have
o (Tyzi ) <y doy (Tyz Tyr; )+, (Tyzgo7)
Bl ( o (Th7o7)+d (TNTi’Tj))“de*N (Tuz;.7)
( L (Tem ), (Turp Tyris )+, (Tazgr)
and equivalently

A (Tur7) 20 (1 2A) ™ 5, (Tury Tyr o)
H1L,2A) "5, (Ture).
Therefore, we get
e (Tur2)ii<iiax(1,2A) ™ ixild.., (Tyr,.z,)i
Hiax(1,7A) ™ fixlld., (Tyz,.2)ii 0.
This means that Tyz =7 andso ¢ isaf.p.of T,.

For uniqueness, let veW¥ be another f.p. of T, . Then it follows
that
0, <y d., (7,v)=d_., (Tyz,Tyv)
<N A;(dc*N (Tyz,7)+d, (TNV,V))
=0,

andso z=v and z isunique. The proof is completed.
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Conclusion

In this article, we have introduced the concept of a CAVMS.
Additionally, we have presented f.p. results for CCAVMS. Given
that our findings extend several known results from the existing
literature, we believe they will be valuable for future research and
new applications.
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CHAPTER IV

Bigeometric Sumudu Transform

Nihan GUNGOR!

Introduction

Integral transforms can be applied to deal with many mathematically
stated processes and phenomena in research, engineering, and
everyday life. They are extensively utilized across fields of
engineering and science to easily handle problems related to thermal
science, heat conduction, control theory, electrical networks,
exponential growth and decay problems, statistics, physics,
mathematics,  chemistry, economics, biology, medicine,
telecommunications, nuclear reactors, quantum mechanics,
deflection of beams, Brownian motion, and many more. A multitude
of innovative integral transforms has been introduced owing to their
extensive applicability. The integral transforms that are most utilized

! Assoc. Prof. Dr., Department of Basic Sciences, Samsun University, Samsun, Turkey,
ORCID: 0000-0003-1235-2700
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and recognized include the Laplace, Fourier, and Sumudu
transforms. The examination of the Sumudu transforms has been
conducted through various concepts, including fractional (Gupta et
al., 2015), conformable fractional (Al-Zhour et al., 2019), fuzzy
(Rahman & Ahmad, 2016), multiplicative calculus (Bhat et al.,
2019) and non-Newtonian calculus (Gungor & Dinc, 2024).

Since the establishment of classical calculus by Newton and
Leibnitz, numerous calculi have been developed, recognizing that a
prominent and preferred approach to establishing a new
mathematical system is to modify the axioms of an existing system.
Furthermore, a mathematical problem that may be difficult or
unresolvable with one calculus can be effectively addressed using an
alternative calculus. Grossman and Katz (1972) developed a novel
structure known as non-Newtonian calculus, which serves as an
alternative to classical calculus. This framework encompasses
various specialized calculi, including geometric, bigeometric,
anageometric, harmonic and quadratic calculus. Modern derivatives
and integrals have been introduced, which have transformed addition
and subtraction into multiplication and division respectively. Non-
Newtonian calculus, the innovative work carried out by Grossman
and Katz, has attracted considerable interest in recent years, owing
to its extensive applications across several disciplines including
economics, biology, integral equations, probability theory,
approximation theory, functional analysis, differential equations,
computer science and more from many scholars (Rybaczuk &
Stoppel, 2000; Cordova-Lepe, 2006; Florack & van Assen, 2012;
Cakmak & Basar, 2014; Filip & Piatecki, 2014; Kadak & Ozliik,
2014; Duyar & Ogur, 2017; Giingér, 2020; Boruah & Hazarika,
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2021; Czachor, 2021; Sager & Sagir, 2021; Giingér, 2022; Degirmen
& Duyar, 2023; Rohman & Eryilmaz, 2023; Ogur & Gunes, 2024a,
2024b) Bigeometric calculus is among the most widely recognized
forms of non-Newtonian calculus. This calculus assesses the
variations in function arguments and values through ratios.

A generator is one to one function whose domain is R and whose
range is a subset of R. Each generator produces precisely one
arithmetic, and each arithmetic is produced by exactly one generator.
Classical arithmetic is produced by the identity function I, whereas
geometric arithmetic is produced by the exponential function. The
range of the generator n is denoted by R, := {n(w):u € R} and n-
arithmetic operations are represented by

n-addition viv = n{n~t() + 7t (v)},
n-subtraction v=v =n{n() —n7t(W)},
n-multiplication vXv=n{n"tw) xn ()},
n-division v/v (v #0) =n{n"tw)/n ()},
n-order v<v on ) <nl(v)

forv,v € R,. The establishment of the *-calculus is accomplished
by employing two generators, namely n and £, which are chosen
arbitrarily. Here are the specific calculuses that can be derive by
using either the exponential function exp or the identity function I
as the generators n and g:
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Calculus n B
Classical I I
Geometric I exp
Anageometric exp I
Bigeometric exp exp.

This study will concentrate on bigeometric calculus, characterized
as a *-calculus in which n and g are both equivalent to exp. In
essence, when engaging with function arguments and values in
bigeometric calculus, one utilizes geometric arithmetic. Initially, we
will present the geometric arithmetic along with its fundamental
characteristics. It is the responsibility of the exponential function to
generate geometric arithmetic, and the following is a list of the
definitions of operations:

geometric addition v v = ellnvtinv} —y,
geometric subtraction VO v=elnvinv =y -y 20,
geometric multiplication  y @ v = ellnvxinv} — ylnv — Inv

. .
geometric division Vv = envenv}t — yns

Itisevidentthatlnv < lnvifv <vforuv,v € R*. Thatisv <v &
n~1(v) < n~(v). Thus, without loss of generality, we utilize v < v
in place of the geometric order v <4, v. The geometric factorial
notation !, is defined as

Nep=e"Qe" 1 O0..0e20Qe=e"

- exp
for n € N. FOr v € Reyp, vPep = en P ="' gnd §p™" =
—-61--



1
e"V)? The geometric absolute value of v € Rey, is denoted by

v ,uv>1
[Vlexp =71 v=1
1/v,v<1

Hence, we can write [v]ey, = e™! (Boruah & Hazarika, 2018;
2021).

Definition 1. (Grossman & Katz, 1972; Sagir & Erdogan, 2019;
Giingor, 2020) Letthe function f: X € Reyp = Reyp and a € X'exe,
b € Reyp . If for every e > 1 there is § = §(e) > 1 such that
|f(x) © b |exp < € for all x € X whenever 1 < [x © a |exp <6,
then it is said that the BG-limit of f at a is b and it is articulated as
BGJlCiB}l f(x) =b.

Definition 2. (Grossman & Katz, 1972; Sagir & Erdogan, 2019). Let
the function f:X € Rexp = Reyxp and a € X . If for every € > 1
there is § = §(e) > 1 such that [f(x) © f(a) lexp < € for all x €
X whenever 1 < [x © a |exp < 6, then it is called that f is BG-
continuous at the point a € X.

Remark 3. (Grossman & Katz, 1972; Giingdr, 2020) The limits
gelim f(x) and tlilm In f(t) coexist and if they do exist,
X—a —=ina

gclim f(x) = exp{ lim lnf(et)} . Moreover, f is BG -
x—a t-lna
continuous at a if and only if In £ is continuous at In a.

Definition 4. (Grossman & Katz, 1972; Boruah & Hazarika, 2021)
Let the function f:(r,s) € Rexp = Reyp  and € (r,s) . If
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1
5clim £Z287@ oy — fim [@ "xIne gecurs, it is indicated by

x—-a xOa x—a Lf(a)

(DB¢f)(a) = fBS(a) is called the BG-derivative of f at a.

Remark 5. (Grossman & Katz, 1972) The derivatives f2%(a) and

(Inf(lna))’ coexist and if they do exist, fB%(a)=
, '@

exp [(lnf(elna)) ] =e"T@,

Definition 6. (Grossman & Katz, 1972; Boruah & Hazarika, 2018)

The BG-average of a BG-continuous positive function f on [r, s] c

Rexp is defined as the exp-limit of the exp-convergent sequence

whose n-th term is geometric average of f(a,), f(a,), ..., f(a,)
where a,, a,, ..., a,, is the n-fold exp-partition of [r,s] and denoted

by MBS} f. The BG -integral of a BG -continuous function f on
[r,s] is denoted by g [ f(x)d®Cx , which is the number

[
(M7, £ ]
Remark 7. (Grossman & Katz, 1972; Boruah & Hazarika, 2018) If
f is BG -continuous [r,s] € Rey, , then ¢ [ f(x)dBCx =

Ins—Inr]

exp [fllnnrslnf(et)dt], i.e., the BG -integral of f is defined by

s In f(x)
pe [ fOdP0x = el —x ",

Definition 8. (Erdogan & Duyar, 2018) Let the function
fila, +0) € Reyp = Reyp be x-continuous on [a, b] € Rey, for

each a<b. The BG -limit pg lim g [2 f(£)dBCt s called
improper BG -integral of the function f on [a,+o) and it is

demonstrated by 5 [ f(£)dPC¢. If the pe liM g f; F()dBS¢
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exists and is equal to a number L € Ry, then it is said that the

improper BG-integral . fa+°° f(t)dB¢t is BG-convergent.

Definition 9. (Gungor & Dinc, 2024) If there are M € R¢,, and y €
Rexp such that

f (D)lexp < M © eMTODexp = ™"
for every t > t, with t, > 1, then it is called that f is a function of
BG-exponential order y.

Definition 10. (Gungor & Dinc, 2024) If BGlimt_,tgf(t) and
pelim,_.~ f (¢) exist but are not equal, the function f is jump BG-
discontinuity at a point t,.

Definition 11. (Gungor & Dinc, 2024) If there is a finite subinterval
[a,t,], [t1, 2], -, [tn—1, b] Such that f is BG -continuous on each
(ti—1,t)) € Reyp With £y = a,t, = b, i =1,...,n and has the one-
sided BG -limits BGlimt_)tlﬂ-_lf(t) and pelim.~f(¢), then the
function f is sectionally (piecewise) BG -continuous on [a,b] C
Rexp-

Motivated by the vast applications of both bigeometric calculus and
integral transformations, this study discusses and analyzes the
bigeometric Sumudu transform, a special case of the non-Newtonian
Sumudu transform in Gungor & Dinc (2024).

Main Results

This section presents the Sumudu transform from a bigeometric
perspective, offering a novel viewpoint on integral transforms and a
fundamental explanation of the underlying theory of the bigeometric
Sumudu transform.
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Definition 12. The set of functions A is defined by

(ln(ltleXp)>
A={f©:aM > e,1,05> LIfOley <M Oe' " Jew,

t € (16 e)exw x[1,4m)}

where M € Ry, and 74, 7, are finite exp-constants or infinite. The
bigeometric Sumudu integral transform for a function in the set A is
defined as

Seclf ()} = Fpe(v)

—Int
= BGJ Sexp Q e( Inv )exp @f(t)dBGt (1)
1
forv € (& 14,1,). The equation is also given as
+o0
Sctf (D)} = BGf eCInYexe © f(v © £)dBCt. (2)

1

The relationship between classical calculus and bigeometric calculus
indicates that equation (1) is equal to

too —Int

Sectf(0)} = BGJ SCXP © e( v )e"p O f(H)d®Ct

1
c (li ( lrllrLt> ln(f(t))>
e

= p¢ lim BGf
c—+0oo

{ L (Gms In(f®) | }

dBGt

= p; lim exp
c—+o0

Inv © t



=eXp{1im LL () n(f@®) .

c—+0oo t
1 (zmey
= exp fm-e<lnv)-n(fT(t))dt . 3)

1
If we change of variable as t = e? in equation (3), it is also written
as

Spelf(D} = exp f — . o(1%) - In(f(e9) dz . @)

Remark 13. For ¢,t € Rey,, let =1Inc,7 =1Inv. Let f(2) =
ln(f(ez)), where fis a positive Rq,,-valued function. By using the
equation (4), how the classical Sumudu transform is related to the
bigeometric Sumudu transform is demonstrated in the following
way:

too —Int

Syif(®)} = BGf SeXP © e( v

1

o O f(t)d*t
+00 . .,

= exp j o e(m) -In(f(e?)) dz
0

= exp limj e(ms) -In(f(e?)) dz
0

1 —z
= exp hm f: f(z)dz
0
_ S(f@)
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_ eS(ln(f(ez))).

Hence we get the expression Sz {f (t)} = eSU@) _ os(in(rem)),

Example 14. The BG-Sumudu transform of the function f(t) =t
can be determined using the equation (4):

too —Int

e
Speit} = Baf ~exp O] e( Inv )eXP Ot dBCt

—a -a
= exp {— lirp (aelnv) - lirp Invelnv + lnv}
a—>+0oo a—+0oo
=exp{lnv}=v=eQv =1l Ov.
This result can be generalized through the application of induction
as follows:
SBG{t(m)eXP} = Mlgyp O V™Mexp = ™ O v™Mexp = eMInv)™ oy e N).

The BG -Sumudu transforms of certain elementary functions are
provided below.
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f@®) Splf ()] = Fpe (V)

e e
t v
t(m)exp,m eN em! ©) pMexp = em!(lnv)m
e(lnklnt)exp'eﬁ > k’ k € e exp
Rexp eBkOv
v
t @ e(lnkln exp (e e : @ U)Zexp exp
kOvu
ZeX 2ex eXp ’ U
exp{sin(Ink Int)} e ® (k)% O>(U1) ’
e
exp{cos(InkInt)} exp,v > 1.

e @ k2w O (v)%ew

Theorem 15 (Existence of BG-Sumudu transform). The BG-

Sumudu transform Sz {f (t)} exists for eﬁ > y and BG-converges
exp-absolutely if f is sectionally BG -continuous on [1, +) and
has BG-exponential order y.
Proof. It can be written as

+00

—Int
e | Gexw© 7w 0 pira

1

e © ()
=Zep @ ue | € ™V ew O f(OIT @
1
e () ;
D _ exp O &g e exp O f(t)dBOt . (5)
to
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Since f is sectionally BG-continuous on [e, t,], the function f is
BG -continuous on (e, ty) © Reyp With the exception of a finite
number of points ty, t, ..., t, in (e, ty). For finite constants M; €
Rexp: ONe gets

If () lexp < M;, ti<t<ty,(=12,..,n-1).
In order to integrate the sectionally BG-continuous function from 1

to t,, the exp-sum of the BG -integrals over each of the exp-
subintervals of f is computed, that is

—Int ty (—lnt

. j-toe( Inv )exp @f(t)dBGt — BG.[ e Inv )exp @f(t)dBGt
1

1

t, (—Int

D 56 e( v )exp O f()dBt D ...
ty
to (—lnt

Dpc| e 1““)exp O f(t)d®Ce.

tn

Since f is BG -continuous and exp -bounded on every exp -
subinterval, it follows that each BG -integral is well-defined.
Therefore, the first integral on the right side of (5) is accurate.

Given that f possesses BG -exponential order y, there exist M €
Réxp and y € Rey,, such that

|f(t)|exp <M @ e(ln(y)ln(t))exl’

forall t > t,. Thus, we obtain

—Int

y f+°° e( Inv )exp 0] f(t)dBGt
t

0

exp
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Int

+0o0 (—
Inv
BG f e
t

0

Jew 0 IF(6)lexpdCt

IA

+o00 —Int
< BGJ e( Inv )exp OMQO e(nyIntexp BG ¢
to
+0o ( lnt(1 —lny))
=M @ BG e exp dBGt

to

c—>+o

c lnt(l —lny))
=MQ BG lim BG,l- e exp BG¢
t

0

[ c
S MOy lim | b f exp{ e lny)}dBth

c—+o to

_ ‘1 lnt( lny)
=MQ® p; lim [exp —e Inv dt
c—>+o0 | to t
=M li —1 | —1 1 |
=MQ BG M 1~ €XP {( ny — lnv) (Inc - nto)}
(lny N lnv)
M { I i { 1 L) (e - nt }}
=MOexp c->450 (Inylnv —1) FeXP ( Y lnv> (In¢ = Into)

Inv

=M (O exp {m - exp {(lny — %) lnto}}.

1
The second integral on the right is also defined for einv >y .
Consequently, the argument is substantiated.

Theorem 16 (BG-linearity property). If f; and £, are two positive
Rexp-valued functions with existing BG-Sumudu transforms, then
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Speiti O i) 1, © ()} =241 O Spelfi(®)} D 12 © Speifa(t)}

where 4;, A; € Reyp.
Proof. Suppose that
|f1(t)|exp < M1 ©) e(lnylnt)exp

|f2(t)|exp < MZ @ e(ln)/ln t)exp_
Consequently, we can express

121 © f1(®) B A2 O f2(O)|exp
SULOM DALOM)O e(lnylnt)e"p,

indicating that the BG -Sumudu transform of the function 1; ©
f1(t) B A, O f,(t) exists. By properties of improper BG-integral,
we find

Syit © f1(®) D 24, © fo()}

+oo —Int

= BGJ SeXp O e(m)e"p © (/11 O f1(t) © 1, @fz(t))dBGt

1

+oo —Int
= Al @ BG Sexp O e< Inv >(%Xp G fl(t)dBGt

1

+°°e (—lnt)
D1, O g - €XP Qe M ew» O f,(t)dBCt

1

= O Spelfai(®)} D 2, O Speifa ()}

which completes the proof.
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Theorem 17 ( BG -first translation theorem). If Sz {f(t)} =

1
Fy (v) exists for elmv > y, then

SBG{e(lnk nBexp @) fO)}= Yioy] Ii or exp O Fgg (

v
e@k@vﬁﬁ
forany k € Reyp.

Proof. Utilizing the definition of the BG -Sumudu transform as
presented in equation (2) yields

Swle(c e O £(0)}

+oo

— BGJ e(—lnt)exp O e(lnklntlnv)exp O f(U O t)dBGt
1

+oo

_ BG[ e(—lnt(l—lnklnv))exp Of(U o t)dBGt

1

c
= s lim (BGfeXp{e_lnt(l_lnkan)}@f(v @t)dBGt)

c—o+oo
1

c
1
= g lim_exp {J ?e‘lnt(l‘“‘"l““) In f((Int)¥) dt}

1

1
for einv > y. If we considerittobeInt (1 —InkInv) = w, then we
find that

Sufekintes O £ ()}

c
1
— BGcl_i)E_noo exp {j- ? e—ln t(1-Ilnklnv) 11’1f((11’1 t)v) dt}

1
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Inc (1-InkInv)

— li ! J. -w f(( d )U>d
N BGc—l>£rnooeXp 1—Inklnv ¢ n 1—Inklnv w
0
Inc (1-lnkInv)
cexpl— )i -w (—W U)d
_eXp{l—lnklnv} BG AL, €XP f e”¥Inf (1—lnklnv) w
0
“eokOu P
cO(eBkOV)
: (=10 W)ex v ) BG

BGCETOO<BG f € pr(e@k@veXpQW d W)

1
_ e @F ( 1)) )
T e0kOv PYIB ok ov TP/

Theorem 18 (BG-second translation theorem). If Sz {f(t)} =
1, 1<t<k

Fye(v) and h(t) = {f(t o oo o then

—Ink

Sge{h(®)} = e(m)e"p O Fpe (V).
Proof. Utilizing equation (3), it is evident that

teo —Int

Spe{h(t)} = BGf SeXp © e( v )e"p O h(t)d®et

1
+00
-1
= exp ﬁ . e( lnI:)t) . ln(ht(t))

dt

1
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+00

K lnt lnt
:exp{fi em lnl f 1 v ln(f(tek)) }
1

k

= exp f 1) U)o,

Inv t

Substituting i = w gives

Spcih(t)} = exp f %JW) '@dw
i

- exp e8] { [ L ) nie),

1

( lnk)
=" " ew O Fpg(v)
which completes the proof.

Theorem 19 (BG-derivative theorem). If f(t) is BG-continuous
on [1,+o0) and has BG -exponential order y, and also f5¢(¢t) is
sectionally BG-continuous on [1, +) , then

Spef ()} © f(1) exp

v

Spe{fPé(®)} =

1
for einv > .
Proof. By using the equation (3), one gets

to —Int

SBG{fBG(t)} = BG f Sexp © e( Inv )e"p © fBG(t)dBGt

1

—-74--



o] [ L6 Md}
1

1 (b F@
= exp fm'e<l ). i0) t}

f@®

= exp {i lim f e<_“11r;t) -f,(t) dt}.
1

The following expression is derived utilizing the method of partial

integration:
[o).L0,,
J ok

= @m0 +ﬁ o). 2/

1

— ™) 0 @) i F1) + nlv j oo .lnf @© .
Consequently, we find
Spelf ()} = exp {ﬁ (alirpme(%> In f(a) — In f (1)
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L[ ). 00,

t

Due to the fact that f is of BG-exponential order y, it follows that
there are exits M € Ry, and y € Ry, such that

|f(t)|exp = exp{llnf(t)l} <M @ e(ln(]/Ot))exp = ‘uylnt
IIn f(¢)] <InMy™¢,
As a result,

< lnMylnae(%) = 1nMelnaane(%)

e(%). In f(a)

=InM e—ln a( lny+lnlv)

is found. As a result of the fact that lim InM e —na(-Iny+go) _ 0

a—+oo
Ina

for em>y, we get lirp e(lnv) Inf(a) =0 for elnv>y
a—>+oo

Therefore, we achieve

SpeifPC ()}
1 (71 (zmey1
= expi—- m.e( ) rlf()d —Inf(1)

1

exp {f1+°° L () nf© dt} i

Inv

exp{ln f (1)}

_Sectf 36 () exp

v

as intended.
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Corollary 20. Assuming that £ (t), f58¢(¢t), -,

BE=D(¢) are BG-

continuous functions on the [1,4o) and exhibit BG-exponential
order y and further supposing that f26((t) is sectionally BG -

continuous on [1, +o0) , then follows that

BG{f(t)} f()

Spe{fEE™ (1)} = —em EXP S) e
fBG(n—l)(l)
O .0——— —exp
v
N
for einv > y.

xp ©

£

v (n_l)exp €Xp

Definition 21. The inverse BG -Sumudu transform is defined

Sge{Fn @)} = f(©), if Spe{f ()} = Fe (v).

Theorem 22. The inverse BG-Sumudu transform is linear.
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CHAPTER V

A Short Note on Measurable Sets in Multiplicative
Calculus

Oguz OGUR?

Introduction

Non-Newtonian analysis, defined by (Grossman & Katz, 1972) as an
alternative to the classical number system, has found applications
across various fields, including physics, mechanics, mathematics
and economics etc. (Grossman, 1979), (Stanley, 1999). The core
concepts of non-Newtonian analysis-such as integrals, series,
sequence spaces, convergence, metrics, and norms—have been
thoroughly examined by numerous researchers (for details see
references (Bashirov, Kurpinar & Ozyapici, 2008), (Uzer, 2010),
(Cakmak & Basar, 2014) (Degirmen, 2021), (Degirmen & Duyar,
2023), (Torres, 2021)). Additionally, studies on integral equations

1Prof., Department of Mathematics, Giresun University, Giresun, Turkey, ORCID:
0000-0002-3206-5330
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(Giingor, 2020a, 2020b, 2022) have shown how Non-Newtonian
analysis diversifies solution methods. Recent studies, such as those
by (Isik & Ery1lmaz, 2023) on the properties of linear spaces defined
over Non-Newtonian fields and by (Rohman & Eryilmaz, 2023) on
fundamental results inv-normed spaces, have contributed
significantly to the understanding and development of alternative
mathematical frameworks.

The groundwork for the concept of measurable sets in non-
Newtonian analysis was first laid by (Duyar, Sagir & Ogur, 2015)
and (Duyar & Ogur, 2017). Following this, (Duyar & Sagir, 2017)
derived the Lebesgue measure for non-Newtonian open sets, laying
the groundwork for a non-Newtonian measure concept and creating
a need for defining measures on more general sets. To meet this
need, (Ogur & Sezgin, 2019, 2020) as well as (Ogur & Zekiye,
2024), introduced the notion of non-Newtonian measurable sets and
investigated some of their key properties.

In the second section of this book, the foundational concepts of
multiplicative calculus were introduced, including the measures of
multiplicative open and closed bounded sets, as well as the
definitions and basic properties of multiplicative inner and outer
measures. In this section, we will delve deeper into the key properties
of these measures and define a Lebesgue measurable set using
multiplicative inner and outer measures within the multiplicative
framework.

Now, let’s introduce some basic concepts in non-Newtonian
analysis. Let p be a generator which is an injective function from
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R toA=R(N), € R. Let’s define the non-Newtonian algebraic
operations as follows;

p — addition s+t =p(~(s) + p~ (@)
p — subtraction s=t=p(p~1(s) — p~L(1))
p — multiplication s Xt = p(p~1(s) x p~1(¢t))
p — division s+t=pp 1) +p71(®)
p — order s<tep i) <p i)
for any s,t € R(N), (Grossman & Katz, 1972). The non-

Newtonian absolute value of any element of ¢ € R(N), defines as

follows
t, ift>0
ltl, =30, ift=0
0=t ift<o0

where p(0) = 0. Also, we have ¥t" = p(Vp~1(®)) and t" =
p((p™2(®)") (Grossman & Katz, 1972).

At this point, we can introduce geometric analysis, a specific case
within the broader framework of non-Newtonian analysis. For this
purpose, setting p(s) = exp (s) will be sufficient. Let

p:R - RY, s> p(s) =exp(s)
and so
p LR > R, p71(t) =In (t).
Thus, we get
R(N), = Rey, = {exp(s): s € R} = R*,
Rixp = {exp(s):s € R*} = (1, +o0)
and
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Rexp = {exp(s):s € R7} = (0,1)
where exp(0) = 1. By the definition, we have the multiplicative
sum of s,t € R,,, as follows;

s+t = exp(Ins + Int) = e D = ¢,

By using similar way, we get the multiplicative algebraic operations

as follows;
s+t = st
S;t = S/t
sxt=gshnt
s+t= sﬁlt

In this section, as in the second section of this book we will use the

exp.

symbols ()expr Aexpr oxpde » inf, “Psup to represent the

open interval, Lebesgue measure, sum, infimum and supremum,
respectively, in the context of multiplicative analysis.

Now, let us present the definitions of inner measure, outer measure,
and Lebesgue measure, which are well-known in real analysis and
will be used in this section. For more detailed information on these
topics, the reader may refer to the book by Natanson (Natanson,
1964).

Definition 1. The outer measure A°(E) of a bounded set E is defined
as

A°(E) =inf{A(T):E c T, T is bounded open set}
(Natanson, 1964).
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Definition 2. The inner measure A!(E) of a bounded set E is defined
as

A(E) = sup{A(U):U c E, U is bounded closed set}

(Natanson, 1964).
Definition 3. A bounded set E is said to be measurable if its

outer and inner measures are equal;
A(E) = 2°(E).
The common value of these two mesures is called the measure of the

set E and is designated by A(E). This measure is sometimes referred
to as a Lebesgue measurable set (Natanson, 1964).

Building on this general information, we can now present
fundamental theorems on multiplicative inner and outer measures.
As a special case, we will define the Lebesgue measurable set in
geometric analysis using these measures, with p(x) = exp(x), as
discussed in (Ogur & Giines, 2024).

Theorem 1. Let E be a bounded set with E = Uj2, E; in Ry, .
Then, we have the following inequality;

1 (B) & | 5124 220y (ED.

Proof. If the sum is not finite in the right side, the proof is completed.
Assume the sum is finite. Let G be an open set with E c G and G;
be open sets with E; © G, in R,,,. Thus, we get

Agxp(E) = expinfEcG{ Aexp(G)}

= exp {inflnEClnG In ( AexP(G))}
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= exp {inflnEClnG In (exP (A(ln(G)))>}
= exp{inflnEclnGA(ln(G))}

i BXP{Zfil inflnElclnGl A(ln(Gl))}

= exp {Z?il In (exp (inanElclnGl A(ln(Gl)))>}

= 32, exp (infingcine, A(IN(GY))
exp

= X2 exp <inflnE1ClnGl In (exp (A(ln(Gl))))>

exp

= exp I=1 expinfEchl{/l(ln(Gl))}
= expz?ozl Agxp(El)-
Theorem 2. Let E be a bounded set with E = U2, E;,

ENEx = @ for |l # k in R,,,. Then, we have

epo?ozl Afaxp(El) S léxp(E)-
Proof. Let (G;) be a family of closed sets with G; c E; and
let G = U2, G;. Thus, we get

/1iexp (E) = expSUPGcE{ Aexp(G)}
= exp {SuplnGClnE In ( Aexp (G))}
= exp {SupzncclnEln (exp (/’l(ln(G))»}

= exp{suplncclnEl(ln(G))}
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> eXP{Z?i1 SuplnGlclnEl/l(ln(Gl))}

= exp {Z;";l In (exp (SupmclclnEzA(l”(Gl)))>}

= Z?il exp (SuplnGlclnEl/l(ln(Gl)))
Xp

e

= Y® exp <SuplnGlclnEzln (e’q’ (’1(1"(61)))»

exp

- xpz?il (expsqulCElexp (A(ln(Gl))))

e

© exp

= =1 SqulcEl{ Aexp (Gl)}

exp
= epo?illfexp(El)
which gives the proof.
Theorem 3. Let E be a bounded set in Re,,,. If B is an open
interval such that E c B, then
Aexp (B) = Agxp (E)+/uaxp (B —E).
Proof. Let G be an open setwith E c G and let K be a closed
setwith K € B — E in R,,,. Thus, we get
Ry (E)H 2y (B = E) = exp {In (12, (E)) + I (A (B — ) )}
= exp{ln(expinfEcG{ Aexp (G)})
+ln(expsupKCB—E{ Aexp (K)})}
= exp {ln (exp {inflnEclnG In ( Aexp (G))})

+in (exp {SupanCln(B—E) In ( Aexp (K))})}
--87--



= exp {inflnEclnG In ( Aexp(G))
+Supimkcine-g)ln ( Aexp (K))}
= exp {inflnEclnG In (exP (A(ln(G)))>

+SUPkcin@-£)ln (exp (A(ln(K)))»

= exp{infinzcinsA(In(G))
+SUP k-5 A(In(K))}

= exp{2°(In(E)) + 2(In(B — E))}

= exp{A(in(B)))

= Aexp(B).
Here, A° and A are Lebesgue outer and inner measure in real line,
respectively.
Definition 4. Let E be a bounded set in R,,,. If 42,,(E) =

ALy (E), then the set E is called multiplicative measurable set.

Remark 1. It is easy to see that if E is multiplicative measurable set,
then we have 2°(In (E)) = A'(In (E)) , where 2° and A' are
Lebesgue outer and inner measure in real line.

Theorem 4. If E is an open, bounded set in R,,,, then E is a
multiplicative measurable set.

Proof. The proof can be easily obtained by previously theorems.

Theorem 5. If G is a closed, bounded set in R,,,, then G is a
multiplicative measurable set.
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Proof. The proof can be easily obtained by previously theorems.

Theorem 6. Let (E,) be a family of pairwise disjoint multiplicative
measurable set and let E be a bounded set with E = U Exin
Rexp- Then, the set E is a multiplicative measurable set and

Aexp(E) = expzcl)cozl Aexp(Ek)-
Proof. If E = Uy~ Ex, then we have
Bap(B) £ Ty 20 (i)
and
expz;?;llfexp(Ek) S Aéxp(E)-
Also, if E is a bounded set in R.,,,, then we have
Aorp(E) < A2y (E).

Since E,, is a multiplicative measurable set for all natural numbers
k, we get
epoIio:l/lexp(Ek) = epoI?:lAéxp(Ek)
é Aéxp (E)
< Aoxp(E)

é expzlc:;l Agxp (Ek)

é exp2?=1 Aexp (Ek)-
This gives the proof.

Theorem 7. Let Ey, E,, ..., E,, are multiplicative measurable sets in

Rexp- Then, E = Ug_; Ej is a multiplicative measurable set.
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Proof. Since E} is a multiplicative measurable set for k =
1,2, ...,n, then we have In(E}) is a measurable set in real line for
k =1,2,..,n. Thus, the set U}~ In (E}) is a measurable set in real
line. Since

Uk=11In (Ex) = In(Ug=1 Ex) = In(E),
the set In(E) is measurable set. This shows that E = U}, E is a
multiplicative measurable set in R,

Theorem 8. Let Ey, E,, ..., E,, are multiplicative measurable
sets in R,,,. Then, E = N}, Ey is a multiplicative measurable set.

Proof. Since E;, E,, ..., E,, are multiplicative measurable sets
in Reyp, We have In (Ey), In (E3), ..., In (E,,) are measurable sets in
real line. Thus, we get

Nk=1n (Ex) = In(Nk=1 Ex) = In (E)
is a measurable set in real line. This shows that E is a multiplicative
measurable set in Re,,.

Theorem 9. If E and F are two multiplicative measurable
sets in Re,p, then E — F is a multiplicative measurable set.

Proof. Since E and F are two multiplicative measurable sets,
then In (E) and In (F) are two measurable sets in real line. Thus, we
have

In(E) —In(F) =In(E — F)
is a measurable set in real line, which shows that E —F is a

multiplicative measurable set.
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Theorem 10. Let E and F are two multiplicative measurable
setswith F c E and let W = E — F. Then, we have

Aexp(W) = Aexp(E)=Aexp (F).

Proof. By the Theorem 9, the set E — F is a multiplicative
measurable set. Since E = W U F, we get

Resp (E) = Aasey W)+ ey (F)
which gives the proof.

Theorem 11. Let (E;) be a family of multiplicative
measurable sets in R,,,. Then, E = N}, Ex is a multiplicative
measurable set in R,,,,.

Proof. Since E, is a multiplicative measurable set for all k,
we have In(E) is a measurable set for every k. Then, we have

Nk=1 In (Ex) = In(Nig=1 Ex) = In (E)
is a measurable set. Thus, we get E is a multiplicative measurable
set.

Theorem 12. Let (E;) be a family of multiplicative
measurable sets with E; € E; € -+ in Ry, If E = U1 E; is a
bounded set in R, then we have

Aexp(E) = “Plimy, o doxy (En).

Proof. Since E,, is a multiplicative measurable set for all k,
we have In(E,) is a measurable set for every k. Also, it is easy to
see that In(E;) c In(E,) C -
and
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Uk=11n (Ex) = In(Ug=1 Ex) = In(E).
Because of boundedness of E in R,,,,, we have In (E) is bounded

set in R. Thus, we have
Alln (E)) = limn_,oo(/l(ln (En)))

=1lim,_, e (ln (exp(l(ln (E,J))))
= lim, ., (ln (Aexp (En))>.

Therefore, we get

exp(/l(ln (E))) = exp <limn_,Oo (ln (ﬂexp (En)>)>

which gives

Aexp(E) = “Plimp_codexp (En).

Theorem 13. Let (E;) be a family of multiplicative
measurable sets with E; D E; D -+ in R,,, and let E = Np_, Ej.
Then, we have

Aexp(E) = “Plimp o0 exp (En).

Proof. Since E}, is a multiplicative measurable set for all k,
we have In(E,) is a measurable set for every k. Also, we have

Np=1In (Ey) = In(Ny=1 Ex) = In (E).

Thus, we have
An (E)) = limp o, (00 (En)))

= lim,_, (ln (QXP(A(ZTL (En)))))
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= lim,,_,., <ln (Aex (En))).

Therefore, we get

exp(A(in (E))) = exp <limn_)00 (ln (lexp (En)))>
which gives
Aexp(E) = “Plimy 02y (Eyp).
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