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PREFACE

Recent Researchs in Operator Theory and Approximation
Theory brings together studies that reflect current developments in
operator theory and approximation theory, two closely related areas
of functional anaysis in mathematics. The chapters included in this
book focus on the investigation of operator classes on ordered
structures and the approximation properties of Bernstein-type
operators constructed via the k-Gamma function. In addition, the
structural properties of new classes of operators defined on Riesz
spaces and f-algebras are studied. By presenting recent theoretical
results from these fields, this book aims to contribute to the ongoing
development of mathematical research and to serve as a useful
reference for researchers, graduate students, and readers interested
in functional analysis, operator theory, and approximation theory. I
would like to express my sincere gratitude to all authors for their
valuable contributions.

Prof. Dr. Siikran KONCA
Editor
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BOLUM 1

THE CLASS OF DEMI MULTIPLICATIVE
ORDER-TO-ORDER CONTINUOUS OPERATORS

Bahri TURAN!
Birol ALTIN?

Introduction

The demi terminology goes back to Petryshyn’s
demicompact mappings (Petryshyn, 1966). It has since produced a
number of operator classes obtained from a given class of operators
by replacing the implication “x, — 0 implies ¥x, — 0” with the
weaker requirement that x, — 0 together with x, —¥x, = 0
already forces x, — 0 in the stronger sense. The construction is
available whenever the underlying space carries a pair of
convergences, one of them weaker than the other, and it has been
carried out for a variety of such pairs: for weak convergence and
weak compactness (Krichen & O'Regan, 2019), for the Dunford—
Pettis property (Benkhaled et al., 2023), and, in the order theoretic
setting, for order weak demicompactness (Benkhaled et al., 2020),
for Levi and quasi Levi operators on Banach lattices (Bal et al.,
2026), for quasi KB-operators on locally solid vector lattices

! Prof. Dr., Gazi University, Faculty of Science, Department of Mathematics,
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(Erkursun-Ozcan et al., 2026), for ab-continuity (Erkursun-Ozcan &
Eryiiksel, 2025), and for order-to-norm continuity on normed Riesz
spaces (Keles & Altin, 2023).

In an Archimedean f-algebra such a pair is available in
purely order theoretic terms: multiplicative order convergence,
introduced by Aydm (2020) and studied in detail by Giirkdk and
Turan (2025), is implied by order convergence but not conversely,
the failure being governed by the absence of a multiplicative unit.
This suggests taking mo as the input convergence and o as the output
convergence. The resulting class, and above all its demi version, is
the subject of this section.

Two features of the resulting theory deserve to be pointed
out. First, ¢, is the standard example of an f-algebra on which the
identity operator fails to be demi, while ¢ and £ behave well.
Second, the demi class does not collapse onto £,,,,(A) merely
because mo- and o-convergence happen to coincide in A: an order
continuity assumption has to be added, and we give a
counterexample showing that it cannot be dispensed with, see
Theorem 2 and Example 2.

Preliminaries

All Riesz spaces in this section are Archimedean and all
operators are linear. We refer to (Aliprantis & Burkinshaw, 2006)
and (Zaanen, 1983) for unexplained terminology.

A net (x,) in a Riesz space E is order convergent to x € E,

. o . . . .
written x, — x, if there is a net (yﬁ)ﬁes in E with yg | 0 such that
for every g there exists a, with |x — x| < yp forall a = a,. Itis

well known that order convergence is linear, that is, x, > 0 and
Vo > 0 imply Ax, + uy, — 0 for all A, u € R, and solid, that is,
|xg| < |y,| for all a together with vy, 50 implies x, 50; in

-0



particular x, 5 0 if and only if |x,| 3 0. Both properties will be
used throughout without further mention.

A Riesz space A equipped with an associative multiplication
making it an algebra and in which a - b € A" whenever a,b € A" is
a Riesz algebra; it is an f-algebra if in addition a A b = 0 implies
(a-c)Ab=(c-a)Ab=0forall c € A*. Every Archimedean f-
algebra is commutative (de Pagter, 1981). An algebra A is semiprime
if a2 = 0 implies a = 0.

Remark 1. (see de Pagter, 1981) Let A be an Archimedean
f-algebra. Then |a:-b|=|al-|b] for all a,be€A, and
multiplication by a fixed element is order continuous, that is, b, 5b
implies a - b, 5 a-bfor every a € A.

Definition 1. (Aydimn, 2020) Let A be a commutative Riesz
algebra. A net (x,) in A is multiplicative order convergent to x € A,
written x,, T x,if |x, — x| - a > 0 for everya € A",

Remark 2. (see Aydin, 2020) Let A be an Archimedean f-
algebra. Then:

(i) x, 50 implies x, = 0; the converse fails in general;

(i) x, = 0ifandonlyif |x,| = O0:

(iii) if A has a multiplicative unit e, then mo-convergence
and o-convergence coincide, since |x,| - e = |x,|;

(iv) in ¢y, with coordinatewise order and multiplication, the
standard basis (e,) satisfies e, 0 while (e,) is not order
convergent to zero (Giirkok & Turan, 2025, Example 2.2).

We write £L,(4,B), £L,(A,B) and L,,,,(A, B) for the spaces
of order bounded, order continuous and mo-continuous operators,

- . . mo
respectively, an operator being mo-continuous when x, — 0

implies ¥x, s 0, as in Aydin et al. (2025) and Giirkok and Turan
(2025).



Definition 2. Let A be an f-algebra and F a Riesz space. An
operator W¥:A - F is called multiplicative order-to-order
continuous (briefly, mo-o continuous) if

Xq Do = Yx, 50

for every net (x,) in A. The class of all such operators is
denoted by £,,,,(4, F), and by L, ,(A) when F = A.

Only the following elementary facts about this class will be
needed.

Proposition 1. Let A be an f-algebra and F a Riesz space.

(1) Lo, (A, F) is a linear subspace of £, (A, F); in particular
every mo-o continuous operator is order bounded.

(i) If A has a multiplicative unit, then L,,,(AF) =
L,(AF).

(i) For u € A the multiplication operator m: A = A, T X =
u - x, belongs to L), o (A).

Proof. (i) That £,,,,(4, F) is a subspace follows from the

linearity of order convergence. If x,, > 0 then Xg Zo by Remark

2(i), hence ¥x, 5 0; thus ¥ € L,,(A,F), and order continuous
operators are order bounded by Abramovich and Sirotkin (2005,
Theorem 2.1).

(if) Immediate from Remark 2(iii).

(i) Ifx, = 0then |xg| - |u| > 0,and | x,| = |xg| - |ul
by Remark 1. O

Demi multiplicative order-to-order continuous operators

Definition 3. Let A be an f-algebra. An operator ¥: 4 —» A
is called demi multiplicative order-to-order continuous (briefly, a d-
moo operator) if for every net (x,) in A,

mo o o
X =2 0 and x,—¥x, -0 = x,-0.
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The class of all d-moo operators on A is denoted by
DLio,0(4A).

Theorem 1. Let A be an f-algebra. Then L;,,(A) S
DLio,0(A).

Proof. Let ¥ € £;,,,(A) and let (x,) be a net in A" with
Xo 2 0and Xq — PXq 5 0. Since ¥ is mo-o continuous we have

Yx, 5 0, and therefore

o
Xog = (Xg —¥xo) +¥Px, - 0

by the linearity of order convergence. Hence ¥ €
bLmo,o(A)- o

The inclusion is proper in general; see Corollary 1(i) below.

Proposition 2. Let A and B be f-algebras.

(i) For every scalar 3 # 1, the operator BI belongs to
bLmO,O(A)'

(ii) If W:A > A is such that (I — W)~ exists and is order
continuous, then ¥ € DLy, ,(A).

(iii) Let A=A @ B carry the coordinatewise order and
multiplication, let H € £,,(A, B) and let § # 1. Then the operator

A=ly gl ACow =@ nx+py),

belongs to DLy, 0(A).

Proof. (i) If x, — Bx, = (1 — B)x > 0 then x, — 0, since
1-B+0.

(i) If (I1—W)x, — 0 then x, = (I—¥)~1(1— ¥)x, — 0
by the order continuity of (I — %)L,

(iiii) Let %, = (Xo Vo) be anetin A" with &, — 0and &, —
Hg, > 0. Since order convergence in A is coordinatewise and
fa - H\X\a = (xa: (1 - ,B)ya - Hxa):

-5



we obtain x, 2% 0inAand (1-B)y, —Hx, 5 0in B. As
H is order continuous, Hx, A 0, whence (1 — B)y, > 0 and so

Vo 5 0. Therefore KXo 50.0

Example 1. Part (iii) of Proposition 2 fails for § = 1. Take
B = c,, let A be arbitrary, let H =0 and 8 = 1, so that H(x,y) =
(0,y). Put 2, = (0,e,,) € A". Then 2, = 0 by Remark 2(iv) and
%, —H%, =0 A 0, while (%,,) is not order convergent to zero.
Hence A € DLy, ,(A4). The same example with A = {0}, for which
A = ¢, and H = I, shows that the identity operator need not be a d-
moo operator.

Proposition 3. Let A be an f-algebra, ¥ € £,,, ,(A)and S €
DLpoo(A). Then S + ¥ and S — ¥ belong to DL, ,(4).

Proof. Let (x,) be a net in A" with x, = 0 and Xoy —
S+ W¥)x, 5 0.Since ¥ € Lo o(A) we have Px,, A 0, and

Xg —Sxq = (g — (S +¥)xy) +¥x, 50.

As S € DLy, 0(A), we conclude x, 5 0. The argument for
S — ¥ isidentical. O

The sum of two d-moo operators need not be a d-moo
operator, and DL,,,(A) need not be closed under scalar
multiplication; see Corollary 1(ii).

Theorem 2. Let A be an f-algebra. The following statements
are equivalent:

(1) mo-convergence and o-convergence coincide in A, that is,
Xo 2o implies x,, 5 0;

(ii) every operator W: A — A is a d-moo operator;

(iii) I € DLino,o (A);

(iv) Lmo,o(A) = DLmoo (A) N L,(A).

In particular, all of these hold whenever A has a

multiplicative unit.
--6--



Proof. (i)=(ii) and (ii)=(iii) are trivial, the first because the
conclusion x, 5 0 is then available from the hypothesis x, o
alone.

. mo . mo

(iii)=>(i). Let x, — 0 in A. Then |x,|] — 0 by Remark
2(ii), (Jxgl) is a net in A", and |x,| —I|x,| =0 2% 0. Since I €
DLipo,0(A) We get |x,| 5 0, hence x, 50.

(i)=(iv). By (ii) we have DL, ,(4) N L,(A) = L,(A), and
by (i) together with Remark 2(i) an operator is mo-o continuous
exactly when it is order continuous, that is, £,,,, ,(4) = £,,(4).

(iv)=(iii). The operator %I is order continuous, and it belongs
to DL,,, , (A) by Proposition 2(i). Hence%l € Lin0,0(4) by (iv), and
since L,,,,(A) is a linear subspace, I = 2 -%I € L,(A). Now

Theorem 1 gives I € DL, ,(4).

The last assertion follows from Remark 2(iii). O

The intersection with £,,(4) in Theorem 2(iv) cannot be
omitted. Indeed, condition (i) is a statement about the convergences
of A alone and says nothing about individual operators; an f-algebra
in which mo- and o-convergence coincide may still carry order
bounded operators that are not order continuous, as the following
example shows.

Example 2. Let A = c be the f-algebra of all convergent real
sequences, with coordinatewise order and multiplication. Since c has
the unit e = (1,1,...), condition (i) of Theorem 2 holds, so
DLy0,0(c) consists of all operators on c. Define

Y:c -, Yy = (lirrlnxn) e.

Then ¥ is positive and order bounded, and ¥ € DL, ,(c).
On the other hand, put x, = e — ;< €;. Then x,, L 0 in ¢, while
Yx, = e foreveryn. Hence ¥ is not order continuous and therefore,

7



by Proposition 1(i), ¥ & Ly,,,0(c). Consequently L,,,(c) &
DL,y0,0(c) although mo- and o-convergence coincide in c.

Proposition 4. Let A be an f-algebra and let S,H,N:A - A
be operators.

() IfS<H<TIandH € DLyo0(A), then S € DLy, o(A).

(ii)IfI<SS<Hand S € DLy,0,(A), then H € DL, (A).

(iii) If N<SS<H<I+N with Ne £,,,(A) and He
DLio,o(A), then S € DLy, 0 (A).

Proof. (i) Let (x,) be a net in A" with x, = 0and Xy —
Sx, 5 0. FromS<H <1 we get 0 < (I — H)x, < (I — S)x, for
every a, so x, — Hx, 3 0.Since H € DLoo(A), x4 50.

(i) Let (x,) be a net in A" with x, 0 and Xg —
Hx, 50 From I<S<H we get 0 < (S—Dxy < (H—-1Dxg,,
hence x, — Sx, 50 and therefore Xg A 0, because S €
S1:7710,0(14)'

(ilf) The hypothesis gives 0 <S—N<H-N<I. By
Proposition 3, H — N € DL,;,,,(A), hence S — N € DL, ,(A4) by
(i). Applying Proposition 3 once more to S = (S — N) + N vyields
SE€DLy,,(A). O

Remark 3. Without the upper bound I the domination
property fails: in A = ¢, we have 0 < I < 2] and 2] € DL, ,(co),
while I & DL,,, ,(co) by Theorem 2 and Remark 2(iv).

Multiplication operators on ¢

Throughout this section A = ¢, carries the coordinatewise
order and multiplication; it is a semiprime f-algebra without unit.
For u = (u,) € £° the multiplication operator m,:cy, = ¢, is
defined by m,x = u - x; it is order bounded, and , = I, where e =
(1,1, ...) denotes the constant sequence of ones. The following

8-



theorem determines both classes completely for such operators and
yields all the counterexamples announced above.

Theorem 3. Letu = (u,) € £*. Then:

(i) Ty € Lino,0(co) ifand only if u € cy;

(i) Ty € DL 0(co) if and only if 1 is not the limit of any
subsequence of the sequence (uy,).

Proof. Throughout we use that (e,,) is mo-null but not order
nullin ¢, (Remark 2(iv)).

(i) If u€cy, then m, € L,,,,(co) by Proposition 1(iii).
Conversely, suppose u & c, and choose ¢ > 0 and a subsequence
(n;) with |un,-| > ¢ for all j. The sequence (en,-) is mo-null, and

o o
|nuenl.| = |un].| en; = €, 2 0. If myen; = 0, then ey, > 0 by
the solidity of order convergence, a contradiction. Hence m, ¢

Lmo,O(CO)'

(ii) Suppose first that 1 is not the limit of any subsequence of
(u,,), and choose § > 0 and N € N with |1 —u,| = ¢ forall n >
N.Putv =>,cye; € ¢y and let P = m,, be the corresponding band
projection onto the first N coordinates. Let (x,) € c, satisfy

Xq = 0 and Vo i =Xgq — MTyXg 5 0. Since v e co, Proposition
1(iii) gives Px, > 0. For the remaining part, comparing coordinates
n > N gives
0< (U =Plxg <5 =P)yel| <57 Yal,

because (y,), = (1 —u,)(x,),. Hence (I — P)x, 30 by
the solidity of order convergence, and therefore x, = Px, +
(I — P)xg > 0. Thus Ty € DLy 0(Co)-

Conversely, suppose Up; = 1 for some subsequence (n])
and put g; = |1 — un].|, so that & — 0. Consider x; = en; € cg; then

mo
Xj - 0. Moreover



|xj — x| = Ejen; S Wj 1= z Ek en,,-
k>j
Each w; lies in ¢, because ¢, — 0, and w; |. If 0 < z < w;
forall j, then for each fixed coordinate i we have (w;). = 0 for large

Jj» whence z = 0; thus w; | 0 and x; — m,,x; 5 0. Since (en,-) is not
order null, wy, & DLy, ,(co). O

Corollary 1. In A = ¢, the following hold.

(1) 21 € DLy 0(co)\Lmoo(co); hence the inclusion of
Theorem 1 is proper.

(ii) 51 € DLinoo(co) While Z1+21=1¢& DLinoo(co) and
2 -%I =1€ DLy 0(co); thus DLy, o(co) is neither closed under
addition nor under multiplication by scalars.

(iii) —1 € DLy (o) While [=I| =1& DLy, 0(co); thus
DLno,0(Co) is not a sublattice of Ly,(c,), even when restricted to
order bounded operators.

(iv) Putting v, = Yi<ne; and T, =m, we have T, €
Lnoo(co) for every n and 0<T, TI in Ly(ce), while T¢
DLino,0(Co); thus DL, 0 (co) is not order closed in Ly, (cy).

Proof. All four statements follow from Theorem 3, applied
with the constant sequences u=2-e, u= %e, u=—e, u=e,
together with Theorem 1 for (i) and Proposition 1(iii) for (iv). O

--10--
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BOLUM 2

THE CLASS DEMI UNBOUNDED ORDER-TO-
ORDER CONTINUOUS OPERATORS

Birol ALTIN!
Bahri TURAN?

Introduction

The prefix “demi” goes back to Petryshyn (1966), who
introduced demicompact mappings in Hilbert space. The idea behind
it is simple: rather than asking an operator T to improve the
convergence of a net (x,), one asks that, whenever x, converges in
a weak sense and x, — Tx, converges in a strong sense, then x,
itself converges in the strong sense. This scheme has been applied to
a number of operator classes on Banach spaces and Banach lattices,
among them weakly demicompact operators (Krichen & O’Regan,
2019), demi Dunford—Pettis operators (Benkhaled et al., 2023), and
order weakly demicompact operators (Benkhaled et al., 2020). Most
recently, Keles and Altin (2023) defined, on a normed Riesz space
M, the demi-order norm continuous operators: a bounded operator T
on M belongs to this class if, for every net (x,) in M*,
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)
Xg =0 and lx,—Tx, I, 0 = |lx,I-0.

Here the “weak” convergence is order convergence and the
“strong” one is norm convergence, and the underlying operator class
is that of order-to-norm continuous operators of Jalili et al. (2021).
A central result of Keles and Altin (2023) is that the identity is demi-
order norm continuous if and only if the norm of M is order
continuous.

The purpose of this chapter is to carry out the same
construction entirely inside the order structure of a Riesz space, with
no norm present. Two order convergences of different strength are
available on any Riesz space: order convergence and its unbounded
version, uo-convergence, introduced by Nakano (1948) and named
by De Marr (1964); see Gao et al. (2017) for a systematic account.
Order convergence always implies uo-convergence, and the two
coincide on order bounded nets. This last fact dictates the shape of
the definition: if one restricts attention to order bounded uo-null nets,
the class of operators carrying them to order null nets is just the class
L, (E) of order continuous operators, and the corresponding demi
condition is void, because the hypothesis already contains the
conclusion. The construction becomes meaningful only when
arbitrary uo-null nets are admitted. We therefore let uo-convergence
play the role of the weak convergence and order convergence the
role of the strong one.

In Bahramnezhad and Haghnejad Azar (2017), an operator
T:E — F between two Riesz spaces is called a strongly order

continuous operator if T'x, 5 0in F whenever Xg = 0inE. Inthis

chapter, in order to make the types of convergence appearing in the

definition more explicit, we shall refer to such operators as

unbounded order-to-order continuous operators. We call an order

bounded operator T demi uo-to-order continuous if, for every net

(x,) in E*, the conditions x, = 0 and Xq — Txg, %0 imply
--14--



Xq 3 0. The results of Keles and Altin (2023) then transfer almost
verbatim, with one structural difference that we find instructive.

Preliminaries

Throughout, all Riesz spaces are Archimedean, and all
operators are linear. For unexplained terminology we refer to
(Aliprantis & Burkinshaw, 2006). For a Riesz space E we write
L, (E) for the space of order bounded operators on E, L, (E) for the
space of order continuous operators, E~ for the order dual and E;;
for the order continuous dual.

Anet (x,) in E isorder convergentto x € E, written x,, 5 X,
if there is a net (yﬁ) in E, possibly indexed by a different directed
set, with yz | 0 and such that for every g there is a, with |x, — x| <
yp forall @ = a,. This is the definition of Abramovich and Sirotkin

(2005), which is also the one adopted by Gao et al. (2017), Keles and
Altin (2023) and Turan et al. (2022). We record the elementary
properties we need.

(0O1) If x, 50 and Zg 5 0 then Xg + Zg 50 and AxXg 50
forevery 1 € R.
(02) If |z,] < |x,| forall @ and x,, = 0, then z, — 0.

(O3) Order convergence depends only on tails: an order
convergent net is eventually order bounded, and (x,) is order null if
and only if some (equivalently, every) tail of it is order null.

(O4)If A, » 0inRandu € E, then A,u 5 0; this uses only
that E is Archimedean.

A net (x,) is unbounded order convergent (uo-convergent)

to x, written x, = x,if|lx, —x|Au 2 0 for everyu € E* (Gao et
al., 2017). We record the properties of uo-convergence used below.
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(Ul) x, = 0 if and only if |x,| — 0, and order
convergence implies uo-convergence. If (x,) is order bounded, say
|x,| <u, then |x,| Au=|x,|, so for order bounded nets uo-
convergence and order convergence coincide.

(U2) In ¢y, the sequence (e,) of unit vectors is uo-null but
not order null. Indeed, for u € ¢{ puty,, = (0, ...,0, Uy, Urps1, - ) €
co;theny,, L 0ande, Au =u,e, <y, foralln >m,soe, Zo.
On the other hand, if (e,) were order null, it would be eventually
order bounded by (O3), say e,, < v € ¢, for n = ny; this gives v, >
1 for all n > n,, which is impossible.

(U3) Uo-convergence and order convergence coincide on E
(that is, every uo-null net in E is order null) if and only if E is finite
dimensional (Emelyanov et al., 2019; Turan et al., 2022).

(U4) Let E @ F carry the coordinate-wise order. Then
(X Ya) 30inE @ F if and only if x,, % 0inE and Ve 5 0in F,
and the same holds for uo-convergence. Indeed, |(x, y)| = (|x|, |y])
and [(x, Y| A (w,v) = (Ix| Aw, |yl Av);ifag LOinEand b, 1 0
in F, then (ag,b,) L 0 in E @ F over the product directed set;
conversely, each coordinate of a net decreasing to 0 in E@ F
decreases to 0.

Demi Uo-to-Order Continuous Operators

Definition 1. An operator T: E — E is called strongly order

continuous if x, SoinE implies Tx, 50 (Bahramnezhad &
Haghnejad Azar, 2017).

The class of all strongly order continuous operators on E' is
denoted by L, ,(E).
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To highlight the class of strongly order continuous operators,
we will designate them as unbounded order-to-order continuous
operators.

Proposition 1. Let E be a Riesz space.
(@) Lyo,0(E) is a linear subspace of L, (E).

(b) 1 €Ly,,(E) if and only if E is finite dimensional.
Consequently, if E is infinite dimensional then Al & L, ,(E) for
every A # 0, and if E is finite dimensional then L, ,(E) = L, (E).

(c) For neN let P,:cy — ¢, be the projection B,x =
(x1, ...,%,0,0,...). Then B, € Ly, ,(co).

Proof. (a) Ly, (E) is a linear subspace by (O1). Let T €

Lyoo(E). If x4 > 0 then Xg =0 by (U1), so Tx, > 0. To see that
T is order bounded, fix u € E* and consider the net (x/n) indexed
by the pairs (n,x) € N x [0,u], directed by the first coordinate.
Since 0 < x/n < u/n, this net is order null by (02) and (O4), hence
uo-null by (U1), so (Tx/n) is order null. By (O3) there are n, € N
and v € E* with |[Tx|/n < v for all n = ny and x € [0, u]; taking
n = n, gives T[0,u] € [-nyv,nyv]. Hence T € L, (E).

(b) By definition, I € L, ,(E) means that every uo-null net
in E is order null, so the first assertion is (U3). If A € L, ,(E) for
some A1 # 0, then [ = A"Y(Al) € Ly, ,(E) by (a). If E is finite
dimensional, uo-null nets are order null by (U3),soevery T € L, (E)
belongs to L, , (E); together with (a) this gives L, ,(E) = L, (E).

(c) Let x, = 0in co and write x, = (x,(i)). For each i,
|xq| A e; = min(|x,()],1)e; 2 0. Since a net decreasing to 0 in ¢,
decreases to 0 in every coordinate, this forces min(|x,(i)|,1) = O,
thatis, x, (i) = 0inR. Hence B,x, = 2L x,()e; 30 by (O4) and
(O1). o
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Definition 2. An order bounded operator T: E — E is called
demi unbounded order-to-order continuous (briefly, demi uo-to-
order continuous) if for every net (x,) in E*,

uo o o
X = 0and x, —Tx, -0 = x,-0.
The class of all such operators is denoted by DL, ,(E).
Since x, = oifand only if |x,| s 0, restricting to positive

nets in the first hypothesis is harmless; it is the second hypothesis
that is affected by the sign of x,,.

Example 1. For every f # 1, Bl € DLy, ,(E): if x, —
Bx, = (1— B)x, > 0 then x, — 0 by (O1).

The case B =1 is governed by the dimension of E. The
following theorem is the analogue of Keles and Altin (2023,

Theorem 2.5), with “order continuous norm” replaced by “finite
dimensional”.

Theorem 1. For a Riesz space E the following are
equivalent.

(i) Every T € Ly, (E) belongs to DL, (E).

(ii) I € DLy, 0 (E).

(iii) E is finite dimensional.

Proof. (i)=(ii) is trivial. (it)=(iii): Let x, X 0inE. Then
1X.| = 0, |x,| —I|x,] =00, and (ii) gives |x,| — 0, that is
Xq 2 0. Thus uo-convergence and order convergence coincide in E,
and E is finite dimensional by (U3). (iii))=(i): if E is finite
dimensional and x, = 0then Xg 50 by (U3), so the conclusion of
the demi condition holds regardless of T. o
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Example 2. By Theorem 1,1 & DL,, ,(E) for every infinite
dimensional Riesz space E; so every infinite dimensional Riesz
space shows that Example 1 fails for § = 1, and that DL, ,(E) is
in general a proper subset of L, (E'). A concrete witness in E = ¢, is
the net (e,,): itis uo-null by (U2), e,, — Ie,, = 0, but (e,,) is not order
null by (U2).

Theorem 2. Ly, ,(E) € DLy, 0 (E).

Proof. Let T € Ly,,(E); it is order bounded by
Proposition 1(a). Let (x,) in E* satisfy x,, = 0and Xq — Tx, 50.
Then Tx, 5 0,and x, = (x, — Tx,) + Tx, 50 by (O1). o

The converse fails whenever E is infinite dimensional: %I €
DLy, (E) by Example 1, but %I & Ly, (E) by Proposition 1(b).

Theorem 3. IfT € L, ,(E)andS € DL, ,(E), thenT + S
and S — T belong to DL, , (E).

Proof. Let (x,) in E* with x, %0 and Xq — (T +
S)x, % 0. Then Tx, 2 0and

Xg —Sxq = (xq — (T + S)x,) +Tx, 5 0,

SO X, 5 0 because S € DLy, (E). The case S — T follows

by replacing T with —T. o

Corollary 1. Let E be infinite dimensional. Then [ + T ¢
DLyo,0(E) forevery T € Ly, o(E). In particular I + P, € DLy, ,(co)
for every k € N, with P, as in Proposition 1(c); this is the analogue
of Keles and Altin (2023, Example 2.3).

Proof. If I +T € DLy, ,(E) with T € L, ,(E), then I =
(I+T)—T € DLy, ,(E) by Theorem 3, contradicting Theorem 1.
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The particular case follows since P, € L,,,(co) by
Proposition 1(c). o

Example 3. DL,, ,(E) is not closed under addition or scalar
multiplication in general: for infinite dimensional E, %1 €
DLy, (E) by Example 1, but %I +%1 =2 %I =1¢& DLy, (E)
by Theorem 1.

The next theorem is the analogue of Keles and Altin (2023,
Theorem 2.3).

Theorem 4. For a Riesz space E the following are
equivalent.

(i) E is finite dimensional.
(i) Luo,o(E) = D]-'uo,o(E) N Ly (E).
Proof. (i)=(ii): By Proposition1(b) and Theorem 1,

Lyoo(E) = L,(E) and DLy, ,(E) = L,(E), so both sides equal
Ln(E).

(i)=>(i): %I is order continuous and belongs to DL,, ,(E) by

Example 1, so (ii) gives %I € Lyo,o(E), hencel € Ly, ,(E) and E is
finite dimensional by Proposition 1(b). o

Remark 1. In Keles and Altin (2023, Theorem 2.3) the
corresponding statement reads L,,(M) = DL,,(M), without
intersecting with a smaller class, because on a normed Riesz space
with order continuous norm every bounded operator is order-to-
norm continuous. Here the analogous step would require L,,(E) =
L, (E), which fails in general (on C[0,1] the operator §; @ 1 is order
bounded but not order continuous, as €[0,1]; = {0}). This is why
L, (E) appears in Theorem 4(ii).

Theorem 5. Let E and F be Riesz spaces.
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(i) If T € Ly, (E) is such that I — T is bijective and (1 —T)?!
is order continuous, then T € DLy, , (E).

(ii) Let E = E @ F with the coordinate-wise order, let T €
Ln(E,F) and B # 1, and define Tg:E - E by Tg(x,y) = (0, Tx +

By), that is, Tg = (,(1), é)l) Then Tg € DLy, (E).

Proof. (i) If x, 20 and (I —-T)x, A 0, then x, =
(I-T7)1U -T)x, %0 by order continuity of (I — T)~1.
(i) T is order bounded. Let (x,,y,) be a net in E* with

(X ¥e) = 0and
A o
(xar :Vaf) - Tﬁ(xa: ya) = (xou (1 - ﬁ)y(x - Txa) - 0.

By (U4), x, 3 0inE and A —=PB)y, — Tx, 5 0inF. Since
T is order continuous, Tx, A 0, hence (1 — B)y, 50 and Ve 50
by (O1). By (U4) again, (x4, y,) = 0. O

Example 4. Theorem 5(ii) fails for § = 1. Let F = ¢, let E
be any Riesz space, T € L,,(E,c,), and £, = (0,e,,) € E*. Then
2, = 0by (U2)and (U4), &, — T,%, = (0,e, — e,)) = 0, but &, is
not order null by (U2) and (U4). Hence Ty & DLy, ,(E).

We now turn to domination. As in Keles and Altin (2023,
Example 2.7), the class is not solid downward in general: for infinite
dimensional E, 0 < I < 2] and 2] € DLy, ,(E) by Example 1, but
I € DLy, ,(E) by Theorem 1. Under an additional upper bound the
domination property does hold, and, unlike the normed case, no
lattice norm is needed, only (O2).

Theorem 6. Let S,TE€L,(E) with0<S<T<I.IfTe
DLy, (E), thenS € DL, o (E).
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Proof. Let (x,) in E* with x, = 0 and (I - Sx, 3o0.
From S<T<I we get 0<(U—T)x, <U—S5)x,, S0 (I—

T)xq — 0 by (02). Since T € DLy o (E), x4 — 0.0

Theorem 7. Let S,Te€L,(E) with ISS<T. If S€
DLy o(E), then T € DLy, ,(E).

Proof. If x, 20 in E* and (T — Dx, 5 0, then 0 <
(S —Dx, < (T —Dx, gives (S—1Dx, %0 by (02), whence
Xa 30.0

Theorem 8. Let N,S, T € L,(E)withN <S<T<I+N.
If N € Lyoo(E)and T € DLy, ,(E), then S € DLy, o (E).

Proof. The hypothesis gives 0 <S—N<T—-N <. By
Theorem3, T —N € DLy,,(E); by Theorem6, S—NE€
DLy, (E); and by Theorem3 again, S=(S—N)+NE
DLyo,o(E). O

We close with the analogue of Keles and Altin (2023,
Example 2.9).

Example 5 (DL, ,(E) is not order closed in L,(E)). Let
E =cy and B, as in Proposition 1(c). Then B, € Ly, ,(co) C
DLy, 0 (co) by Proposition 1(c) and Theorem 2, and 0 < P, T I in

L, (cy), SO B, 3 1in Ly(co), while I € DL, ,(co) by Theorem 1.
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BOLUM 3

ON A DURRMEYER-TYPE GENUINE BERNSTEIN
OPERATOR SEQUENCE CONSTRUCTED USING
THE k-GAMMA FUNCTION

Ulkii DINLEMEZ KANTAR!?
Ismet YUKSEL?

Introduction

In approximation theory, Bernstein (1912) first constructed a
sequence of polynomials to prove the Weierstrass theorem. These
sequences are known as Bernstein polynomials. Later, Durrmeyer
(1967) defined an integral modification of the Bernstein operators.
Today, these operators serve as the foundation for defining
sequences of integral-type operators.

Chen (1987) defined a sequence of operators of the form
D, (f(t),x) = f(O)bn,O (x) + f(l)bn,n(x)

+n = 1g X023 by () ) Bnes jor (O ()t (1)
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where
by = () xm(1 =2 x € [0,1] 2)

is a basis function, and f is a continuous function.

The asymptotic approximation of operators (1) (Abel et al., 2026)
and the A-parametric extension of the g-analogue (Dinlemez Kantar
& Yiiksel, 2026; Yiiksel & Dinlemez Kantar, 2026) were defined,
and some theorems about the approximation properties were
obtained.

In this section, a parametric generalization of the operators defined
in (1)—constructed with the aid of the k-beta function—is
introduced, and several approximation results are obtained.

First, the definitions and notations used in the literature arepresented.

Daz and Pariguan (2007) defined the k-gamma function as

k

I (2) = fooo tz‘le_t?dt,Re(z) > 0 3)
where k € R*.

For k = 1, itreduces to the integral form of the Euler function I'(2),
which is an extension of the factorial concept to complex numbers,
as it is currently used by Chaudhry & Zubair (2001).

Some of the equalities between I'(z) and I, (z) are given below:

Ne(z) = ki 'T(2), )
Iv(z + k) =zl (2), 5)
I(k) = 1. (0)

Using equations (3)—~(6), I¢6z & Demir (2022) defined a
generalization of the Gamma operators using the k-gamma function
and obtained some approximate results.
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Wang (2016) defined the k-beta function as
] S
B(G,n) = [, ——=madt. (7

(1+tk) k&

The following equations exist

: Tk (k)
B(m) = L (8)
. n—-k
Bi(ym) = J, /711~ t9)'F de, ©)

Using formulas (3)—(9), we defined a sequence of Durrmeyer-type
genuine Bernstein operators, generated via the k-gamma function,
expressed in the form

UK (f(£),%) = f(0)bno(x) + f (Db (x)

+(n = 1) 2L b () J, B ;1 (DF(E)dE  (10)

where

n Fk(n+1)

Y, = 11
<J i TG+ 1T (n—j+k) )

1s denoted as
n . n-j
by () = (e (1= x*)x (12)

Since the sequence of operators defined by (10) reduces to the
n
J
and to the basis function (2) in the formula (12), it simplifies to the

sequence of operators given in (1).

n
binomial coefficient j M= ( )for k =1 in the expression (11)

The lemmas required for the theorem to be obtained in this study is
presented in the following section.

Auxiliary results
Lemma 1. The following equalities are obtained.
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i) Jy bX_pjo1(¥)dx = —,

n-1
i) [ by oy (GO dx = L,
iii) fol blri—Z.f—l(x)xZRdx - (n—1)(n—jii-'l-cl)(2n—1+2k) ’
iv) fol bp—3,j-1 (x> dx = (n—1)(n—1j-£{c;-(kn)£j1:2217c))(n—1+3k)'
G (T3 [e¥e s e Toremrewrat

Proof. i) Using formulas (5), (9), (11), and (12), the following
equality is achieved.

n-2-(j-1)

n—2 .
o b oja (@ = [} (; T Pexd M A=) x dx,

_ I'p(n—-1)
T Te(DTk(n—j-1+k)

Bk(],n—]—1+k)

i1) Using the appropriate k~~-gamma and k-beta functions as in 1), the
following equality is obtained.

1 1
jb’,f_z_j_l(x)xkdx =f(;-l:12>kxj+k_1(1—xk) kK dx,
0 0

_ I'(n-1)
T Tr(DT(n—j-1+k)

Bk(]+k,n—]—1+k),

I'(n-1) I'(j+K)Tr(n—j—1+k)
T(DTk(n—j—1+k)" T (n—1+2k) ’

j
n-1)(n—-1+k)’

The equalities iii), iv), and v) are derived using the procedures
followed in 1) and ii).
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Lemma 2. For e;(t) = t/ test functions ,where j = 0, 1, 2, the

following equations are obtained for the U¥ operators defined in

(10):
i) Ur’lc(eoix) =1,

.. nx (k—1)x™

11) UTIf(el; x) - n—1+k n—1+k’

k . _ n(n-1) 2 (1+k)n

ii1) Un (e2; %) = (n—1+k)(n—1+2Kk) (n—1+k)(n—1+2k)

(k-1 (2n+2k-1)x™
(n—1+k)(n—-1+2k) "

Proof. i) By setting f(t) = ey(t) in the operator sequence
(10) and using part i) of Lemma 1, the following equality is derived,

UK (eg; X) = by o(x) + bpn(x) + (n
n-1 1
-1 Z bn,j(x)j brlf—z,j—1(t)dt
j=1 0

= ¥ by (6) = 1.

ii) Again, by setting f(t) = e;(t) in the operator sequence (10) and
using part i1) of Lemma 1, the following equality is attained.

n-1 1
U (0 3) = ban(@) + (1= 1) Y b @) [ Bl s (OFFde
=1 0

n-1
1 .
= bpn(x) + mZ by, ;(x)j
J=

=bpn(x) + xj(l — x)"‘j

n-1
1 n!
n—1+k;(j—1)!(n—j)!

—_ N nx n-1 (n-1)! j(1 _ s \n—-1—j _ .n—-1
- +n—1+k(21=0j!(n—1—j)!x 1=x) x )
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— T nx _ .n-1
=xt 1-=x"1
nx (k—1)x™

T n—1+k @ n-1+4k

iii) By setting f(t) = e,(t) in the sequence of operators (10) and
applying part iii) of Lemma 1, the following equality is found.

n-1
1
U e ) = bn () + (2= 1) ) b @) | by (06 de
- 0
j=1

— N 1 n-13 e

=Xt G oromeiezn (ZJ=1 bn,j0j G +5))

_ 0 1 n-1 n! J(1 _ »\yn—j
=x"t o oe iz =2 Gy Y )

(1+k)

@t yn-1 ™ e )
(n—1+k)(n—1+2k)Z x/(1—x)

J=1 (j-1)i(n-j)!

_on n(n—1)x? n-3_(m=2)' .. n-oj
- t+ (n—1+k)(n—1+2k) ZJ'=0 j!(n—2—j)!x (1-x)
(1+k)nx

__@+bnx  wn-2_ M-D! g yn-1-j
TR (1720 & x/(1=x)

+ J=0 jitn—1-j)!
N (kO
=X +(n—1+k)(n—1+2k)

n-2_(M=2)!' ..  n-2-j_ .n-2
X(ZFO iz (1 —x) x )

% I}—lﬂ j on—1—j _ ,n—1
(n—1+k)(n—1+2k) (Zl:o j!(n—1—j)1x (1 x) X )

n nn-1)x? (1— xn_z)

=X T itk (n-142k)

(1+k)nx

_ .n—1
(n—-1+k)(n—1+2k) (1 x )

_ nn-1)x2 (1+k)nx (k-1)(2n+2k-1)x"
T (n-1+k)(n-1+2k) = (n—1+k)(n—1+2k) = (n—1+k)(n—1+2k)"
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Since the proof of Lemma 3 given below relies on the linearity of
the operator sequence (10) and the results of Lemma 2, it is left to
the researcher.

Lemma 3. The following equations hold:

k _ A-k)(x—x™)
1) Uf((t—x),x) = —
-\ 11k Y _ 2k?-3k+1-(1+K)n 5 (1+k)n
i) Un ((t =), %) = (n—1+k)(n—-1+2k) (n—1+k)(n—-1+2k)

((2n+2k—1)(k—1) _ 2(k—1)x) n
(n-1+k)(n-1+2k) (n—1+k)

Lemma 4. Let f(x) € C[0,1]. In this case, the following

limit exists
lim [[UE(F), ) = FO| = 0
where ||f|| = maks{|f(x)|: x € [0,1]}.

Proof. i) Using result 1) of Lemma 2, the following limit
exists,

lim ||UX(1,x) — 1]| = 0.
n—oco

i1) Similarly, by using result ii) of Lemma 2, the following limit is
obtained

(k—l)x"
Yim |0 e = x| = Jim |25+ S5 =+
(1- k)x (k—1)x™
n-— 1+k n—-1+k

= 0.

- im |

n—)OO

ii1) Using part iii) of Lemma 2, the result can be obtained just like
parts 1) and ii). Thus, Lemma 4 is proved by the Korovkin theorem
(Korovkin, 1960).

Lemma 5. The following limits are available:
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i) lim nUF(t —x,x) = (1 — k)x,
n—oo

i) lim nUX((t —x)%,x) = (1 + k)(x — x?).
n—oo

Proof. The results of Lemma 5 can be easily obtained by
using the results of Lemma 3.

The approximation property

Here, we will present the theorem that gives the rate of
convergence using the continuity modulus.

Let the first continuity modulus be given by
w(f;e) =max{|f(t) — f()], t,x€[01][t—x|<e}  (13)
for the function f(x) € C[0,1].

The first continuity modulus given by (13) satisfies the following
equation:

F(®) = FOOI < w(f;8) (1+52). (14)

&

Theorem 1. Let UX(f; x) be a Durrmeyer-type sequence of

genuine Bernstein operators generated by the k —gamma function,
1
10n+2k%+13k+5 )E
3

(n—=1+k)(n—1+42k)

and let f(x) € C[0,1]. Let 9% = (

then the inequality holds:
|UX(f; x) = fF(0)] < 20(f; 95%).

Proof. Using the linearity of the operator UX(f(t),x)
defined in (10), then taking the absolute value of both sides of the
equation, and finally applying inequality (14), we obtain
UK (F(6); ) = f0)] = [Ux (f () = f(x); %)

<Uy(f@® = f)lx)
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< Uk (w(f; €) (1 + lt_x') ; x)

= o(f;2) (1+ 20k - x0)),

If the Cauchy—Schwarz inequality is then applied to the expression
U.,If(lt - xl; X),

UG - F0] < 0039 (14 U@ 050

is obtained. Using result ii) obtained in Lemma 3, the following
inequality holds:

2k? =3k+1—-(1+k)n

X2
m—1+k)m—1+2k)

U ((t —x)%x) =

(1+k)n

+ (n—-1+k)(n—-1+2k)

((2n+2k—1)(k—1) _ 2(k—1)x) n
(n-1+k)(n-142k) (n—1+k)

2k243k+1+(14+Kk)n (1+k)n
— (n-1+k)(n—1+2k) (n—1+k)(n—1+2k)

@n+2k+1)(k+1) 2(k+1)(n—1+2k)
(n—-1+k)(n-142k) (n—1+k)(n—1+2k)

2k%+3k+1+5(2n+2k+1)
(n—=1+k)(n—1+2k)

10n+2k?+13k+5
— (n—-1+k)(n—-1+2k)’

1

10n+2k?+13k+5
1f o) = (

)E is ch here
1S choSsen
(n—-1+k)(n—1+2k) ’

then the inequality holds:

|UE(F () %) = F(0)| < 200(f; 95).
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The Graphical Results

In this study, the convergence properties of genuine k —Bernstein-
Durrmeyer operators are examined. To support the theoretical results
obtained, the convergence of these operators to a function f is
illustrated with some graphical examples.

Example. Let the function f(x) = x'%tan(x?) be defined for x €

[0,1]. First, the graph below shows the convergence of the U (f; x)
operators to the function f(x) for values of k = 0.1, k = 0.4, and
k =5, where n = 5 (Figure 1). Second, it shows the convergence of
the function f(x) for the values n = 5, n = 10, and n = 20
corresponding to k = 0.2 (Figure 2).

Figure 1. Convergence of the UX(f; x) operators to the function
f (x) for different values of k

WS o
o=

Sl
Iy

.

=
*

|’




Figure 2. Convergence of the UX(f; x) operators to the function
f (x) for different values of n

n=>=5
n=10
—_— =20

f(x)

T T T T 1
0 0.2 0.4 0.6 0.8 1

Therefore, for any real number k > 0, the sequence of operators
UX(f; x) on [0,1] can be observed to converge to the function f €
C[0,1] as k increases.
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BOLUM 4

THE VORONOVSKAJA THEOREM FOR A
DURRMEYER-TYPE GENUINE BERNSTEIN
OPERATOR SEQUENCE CONSTRUCTED USING
THE k-GAMA FUNCTION

Ulkii DINLEMEZ KANTAR !

Introduction

The following base function
n .
by (0 = () x" (1 =)™ (1)

forn € N, x € [0,1] and the

B0 =3 (L) 0
=0

sequence operators on f € C[0,1] were defined by Bernstein (1912).
Durrmeyer (1967) defined the integral-type variant of the Bernstein
operator sequence as

DaCF, ) = (04 1) Y by [ s (O F O
Jj=0 0

Such studies can be found in (Lin et al., 2024; Cai et al., 2021).

! Prof., Gazi University, Faculty of Science, Department of
Mathematics, 06500 Yenimahalle, Ankara, ORCID:0000-0002-

5656-3924
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Chen (1987) defined the following Genuine Bernstein operator
sequence.

Da(f(£),2) = F(0)byp(x) + f(1)bpn(%)
+n = 1 Z02E b () [ buoajma (OF DAL (2)

Recently, the asymptotic approximation of the (2)-operator series
has also been studied in (Abel et al., 2026; Torun & Dinlemez
Kantar, 2025). The A-parametric extension of the g-analog of the (2)
operator sequence was defined, and some theorems regarding its
approximation properties were established (Dinlemez Kantar &
Yiiksel, 2026; Yiiksel & Dinlemez Kantar, 2026).

Firstly, the definitions and notation used in the literature are
provided.

Daz and Pariguan (2007) defined the k-gamma function as

k

o0 =
() = [, t*"te *dt,Re(z) >0 3)
where k € RY.

For k = 1,itreduces to the integral form of the Euler function I'(2),
which is an extension of the factorial concept to complex numbers,
as it is currently used by Chaudhry & Zubair (2001).

Some of the equalities between I'(z) and I, (z) are given below.

Nk (2) = ki 'T(2), 4)
I (z + k) =zl (2), %)
Te(k) = 1. ©6)

Using equations (3)—(6), I¢6z & Demir (2022) defined a
generalization of the Gamma operators using the ~-Gamma function
and obtained some approximate results.

Wang (2016) defined the k-beta function as
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o) j-1
B, (,m) = | — s dt. (7

(1+tk) k&

The following equations exist

. T (D)
Bi(j,n) = T (8)
) n—k
B Gm) = [ /711 - th) ' dt. ©)

Using the sequence of operators (1) derived from formulas (3)—(9),
Dinlemez Kantar & Yiksel (2026) defined the sequence of
Durrmeyer-type genuine Bernstein operators generated by the -
gamma function as

UE(f(£),2) = F(0)bno(x) + F(1)bnn(x)
+(n = 1) 2023 b () f, b5 ;1 (DF DA (10)

where
n L 'k (n+1)
(1')" " TRG+DT(n—j+k) (1D
and
n . n—j
b () = (jhex! (1 =2 )% (12)

In this section, we examine the Voronovskaya-type
asymptotic convergence behavior of the sequence of operators
defined by (10).

Now, we present the lemmas necessary to prove the
Voronovskaya-type theorem.

Auxiliary results

Lemma 1. The following equations are obtained

"ol
i) fo brlf—z,j—l(x)dx = L,

n-1



.. 1,k k . j
) 12 B GO = o

i) [t pk 2Kk g, — JU+K)
1ii) fo bn—ZJ—l(x)x dx = (n-1)(n-1+k)(n—1+2k)’

. 1,k 3k _ JU+k)(j+2k)
iv) fy bpg,j-1 (0)x*dx = (=) (—14k) (n—142k) (n—143Kk)’

1.k 4k . — JU+E)(+2K)(j+3K)
V) fo bp-z,j-1(0)x™dx = (n-1)(n—1+k)(n—1+2k)(n—1+3k) (n—1+4k)

Proof.

1) Using equations (8), (11), and (12), the following is obtained

n-2-(-1)

n—2 .
fol bk—z,j—1(x)dx = fol <j _ 1)k X711 - xk) k dx,

— Tg(n—-1) . L
T Tr(DTk(n—j-1+k) By(yn—j—1+k)

_ 1

T -1

i1) Using the appropriate k-gamma and k-beta functions employed in
1), the following equation is obtained

n—j—-1

1 1
[IRC S T
0 0

— Ik(n-1) ) o
B T (T(n—j—1+k) Bk(] +k,n ] 14+ k),

_ I'(n-1) T (j+k)T(n—j—1+k)
C Tk(DTk(—j-1+k) " Tk (n—1+2k)

)

_ J
T (n-1)(n-1+k)’

Equations iii), iv), and v) are derived using the procedures followed
in 1) and ii).

—-4]--



Lemma 2. For j = 0,1,2,3,4, the following equalities are
obtained for the operators. U¥ defined in (10), corresponding to the
test functions e;(t) = t)

1) Urlf(eo;x) = 1)

.. n k-1

11) Urllc(el; X) = n—1+kx + n-1+k xn’

k . _ n(n-1) 2 (1+k)n

iii) Un (e2; x) = (n—-1+k)(n-1+2k) (n—1+k)(n—1+2k)

(k-1)(2n+2k-1) n
(n—-1+k)(n—-1+2k) =’

; K(p « ) — n(n-1)(n-2) 3 3(1+k)n(n—1) 2
1v) Ur(e5; %) = (n—1+k)(n—1+2k)(n—1+3k) (n—1+k)(n—1+2k)(n—1+3k)
(143k+2k?)n

(n—-1+k)(n—-14+2k)(n—1+3k)

2 2
(k=1)(=5k—3n+9kn+6k*+3n2+1)
(n—1+k)(n—1+2k) (n—1+3k)

)

n(n-1)(n-2)(n-3) 4
n—1+k)(n—1+2k)(n—-1+3k)(n—1+4k)

V) U1I1{(94ix) = (

6(1+k)n(n-1)(n-2) 3
(n—=1+k)(n—1+2k)(n—1+3k)(n—1+4k)

(11k%+18k+7)n(n-1) 2
(n—1+k)(n—1+2k)(n—1+3k)(n—1+4k)

(6k3+11k?+6k+1)n
(n—=1+k)(n—1+2k)(n—1+3k)(n—1+4k)

(k—1)(4k+2n—1)(—5k—2n+8kn+6k’+2n’+1) ,
(n—-1+k)(n—1+2k)(n—1+3k)(n—1+4k)

+

Proof.

1) Statements 1) - iii) have been proven by Dinlemez Kantar and

Yiiksel (2026) in the book chapter titled “On the Durrmeyer-type
-—42--



genuine Bernstein operator sequence constructed using the k-gamma
function.”

iv) By taking f(t) = e3(t) in the operator sequence (10) and using
part (iv) of Lemma 1,

- 1
UK Cesi2) = bunCO + (0 = 1) ) o) | Bloaya (Ot
=1

1

— n
=xTt (n—1+k)(n—1+2k)(n—1+3k)

Y721 by j ()G + k)G + 2k)
is obtained. In the final equation, using the equation for

JU+R)G+2k)=jG-DG-2)+B+3k)j(G - 1)
+(1 + 3k + 2k?)j

yields

1

k . — T
Un(es;x) = x +(n—1+k)(n—1+2k)(n—1+3k){Z] =3 (j- 3)'(n ])I

xI(1—x)"

- ! i —j
+(3 + 3k) Zj‘zzlmxf(l - .X)n J

+(1 +3k+ ZkZ)Zj‘zfme(l - .X)n ]}

K(p «a) — o1 1 X t3(1 = x)n—J-3
Un(es;x) = x +(n—1+k)(n—1+2k)(n—1+3k){Z '(n] an 1-x)

— ! i —j—
+(3 + 3k) z;;gmxmu —x)"I2

+(1+ 3k + 2k?) B2 (1 = )it

'(n j-!

. n(n-1)(n-2)x3 _ .n-3
=Xt i mo142k) (n—113K) (1—=x"7)

3(1+k)n(n—1)x2 n—2
(n—=1+k)(n—1+2k)(n—1+3k) ( x )




(1+3k+2k®)nx

_ .n—1
(n—-1+k)(n—-14+2k)(n—1+3k) (1 x )
_ nn-1)(n-2) 3 3(1+k)n(n-1) 2
T (n—1+k)(n-1+2k)(n—-1+3k) (n—14k)(n—1+2k)(n—1+3k)
(1+3k+2k%)n

(n—1+k)(n—1+42k)(n—1+3k) x

(k—=1)(—=5k—-3n+9kn+6k?+3n2+1) 5
(n—1+k)(n—1+2k)(n—1+3k)

v) Again, the desired result is obtained by taking f(t) = e, (t) in the
operator sequence (10) and using part iv) of Lemma 1 along with
equation

JUG+KG+26)(+3k) =jG -G -2)G—3)
+(6+6k)jG— 1[G —2)
+(7 + 18k + 11k?)j(j — 1)

+(1 + 6k + 11k? + 6k3)j,

The proof of Lemma 3, provided below, is left to the researcher, as
it relies on the linearity of the sequence of operators (10) and the
results of Lemma 2.

Lemma 3. The following equations hold.

. (1-k)(x—x™)

(i) Up((t=x),x) = S

.. k N2 __ 2k%-3k+1-(1+K)n _, (1+k)n

(if) Un((t —x)%x) = (n—-1+k)(n—1+2k) (n—1+k)(n—1+2k)

((2n+2k—1)(k—1)  2(k-1) ) .
(—1+k)(n—142k) (1400~ ) %

(iii) UF((t —x)* x)

_ 1-10k+35k2—50k3+24k*—(4—4k+38k?+46k>)n+(3+6k+3k?)n? !
- (n—1+k)(n—1+2k)(n—143k) (n—1+4k)
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6n(k+1)(k—n—kn+12k*+1) 3
(n—1+k)(n—1+4+2k)(n—1+43k)(n—1+4k)

—n(k+1)(19k—3n—3kn+32k*+3) 2
(n—1+k)(n—1+4+2k)(n—1+43k)(n—1+4k)

(1+6k+11k%+6k3)n X
(n=1+k)(n—-1+4+2k)(n—1+3k)(n—1+4k)

(k—=1)(4k+2n-1)(-5k—2n+8kn+6k*+2n*+1)
(n=-1+k)(n—-1+2k)(n—1+43k)(n—1+4k)

(k—1)(—5k—3n+9kn+6k?+3n2+1)
(n=14+k)(n—-1+2k)(n—1+3k)

(k-D@n+2k-1) 5, (k=1 3] _n
(n—1+k)(n—1+2k) n1ek ™ ]x '

Lemma 4. The following limits exist.
i) lim nUk(t —x,x) = (1 - k)x,
ii) Al_r){)lo nUR((t —x)%,x) = (1 + k) (x — x?),
iii) lim n2UR((t —x)* x) = 3(1 + k)2x2(x — 1)%.
Proof. The results of Lemma 4 are obtained by using the
results of Lemma 3.
Main Result

In this section, we present the asymptotic approximation of the
operator sequence U (f(t), x) using the following theorem.

Theorem. For f(x) € C[0,1], the sequence of operators
UE(f(t), x) has the following limit

(1+k) (x—x2)
2

lim n(UF(F(0,2) = f(9) = L= I0x/'(0) + F@).

Proof. The Taylor series expansion of the function f at the
point x is.
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f@=fe)+f ) —x)+

(t—x)%+o(t,x)(t — x)?,

fll(x)
2

where o(t,x) — 0 as t — x. If the operator sequence U¥ is applied
to this equation, the following equation follows from the linearity of
the operator sequence

UR(f (), x) — f(x) = f' (U (¢ — x,%) +&U"((t —x)%,x)

+UK(a(t, x)(t — x)?, x).

In the last equation, if both sides are multiplied by n and the limit is
taken as n - o, we get

limn(UX(F(2),2) = £(x)) = /60 lim nUK (¢ — x,%)
+ @gir{}onw{((t —x)?%,x)
+rlli_r>120nU,’§(a(t, x)(t—x)%x). (13)

If the Cauchy—Schwarz inequality is applied to the last term on the
right-hand side of equation (13), we have

Ai_r)glonU,'f(a(t, x)(t—x)?%,x) < \/rlll_r){)lo Uk ((a(t, x))z,x)

x \/ lim n20f ((t — 2)* x) (14)
n—oo
By Lemma 4, the limits in equation (13) exist, respectively
limnUK(t —x,x) = (1 — k)x,
n—-oo
limnUK((t —x)%,x) = (1 + k)(x — x?),
n—-oo
lim UX(o(t, x),x) = 0.
n—-oo
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For x € [0,1], the following limit is finite

lim n2U (£ — %)% x) = 3(1 + k)%x2(x — 1)2.

n—oo

Therefore,
lim nU (a(t, x)(t —x)%,x) =0
n—-oo

is obtained from inequality (3). Thus,

(1+k) (x—x2)

lim n(UE(F(0), %) = F(0) = (1 = )xf () + I ()
is obtained. Thereby, the proof is complete.
Graphical Results

In this study, a Voronovskaja-type asymptotic approximation
theorem is obtained for a sequence of genuine-type k-Bernstein-
Durrmeyer operators. To support the theoretical results obtained,
graphs illustrating the convergence behavior of the sequence of
operators

n(UF(f(),x) = f(x))
toward the asymptotic value

(1+k)(x —x?)
2

(1 =k)xf'(x) f" )

asn — oo is presented.

Example. Let the function f(x) = (x® — x — 1)sin(mx?) be defined
for x € [0,1]. Firstly, the graph below shows the convergence of the

A2
function (0.8)xf ’(x)% f"(x) to k = 0.2—that is, for the

values of the n(U22(f(t),x) — f(x)) operator sequence
corresponding to n =15, n =10,and n = 50 (Figure 1). Secondly,
the graph shows the convergence of the function

--47--



4 3(x=x%) oy .
—xf (x)T f"(x) fork =2—that is, for the values of the

sequence of n(U2(f(t),x) — f(x)) operator corresponding ton =
5 n=10,andn = 50 (Figure 2).

Figure 1. n(UY%(f(t),x) — f(x)) convergence of the sequence of
.2
operators to the asymptotic value of (0.8)xf"'(x) % f"(x)

n=50 n=10 n=35 f(x) |




Figure 2. Convergence of the sequence of operators
n(UZ(f(t),x) — f(x)) to the asymptotic value of

3(x—x?)

—xf" () 222 £ ()

101
7
5_
U T T T T .|
0.2 0 0.6 0.8 1
_S—
| f(x) n=50 n=10 n=>

Hence, for any real number k > 0, the sequence of operators
n(UK(f(t),x) — f(x)) is observed to tend toward the asymptotic

A2
value (1 — k)xf'(x) mk)g—xx)f”(x) on the interval [0,1].
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