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FOREWORD

This book, “Current Topics in Applied Mathematics and Analysis” brings together current
research topics in the fields of applied mathematics and mathematical analysis. The studies
presented in this book combine both theoretical developments and applied mathematical

methods, reflecting interdisciplinary interaction.

We thank everyone who contributed to the creation of this book and hope that it will be a useful

resource for graduate students and researchers and contribute to future studies.

Prof. Dr. Siikran KONCA
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CHAPTER 1

A Multiple Scales Method for Solving the Nonlinear
Sawada-Kotera Equation

MURAT KOPARAN!

Introduction

The multiple scales expansion method is a perturbation
method. First applied (Zakharov, Kuznetsov,1986), the multiscale
expansion method was developed by reducing the KdV equation to
the NLS equation and applying it to a class of nonlinear formation
equations. Using this method, they showed that integrable systems
can be reduced to other integrable systems. Even if the system we
initially consider is not integrable, the reduced system obtained by
applying the method is either integrable or non-integrable. However,
if the method is applied to an integrable system, the system obtained
at the end of the analysis is always an integrable system. This is the
main purpose of applying the multiscale expansion method to
integrable systems.

The Korteweg-de Vries (KdV) equation was derived in
various physical contexts. The Korteweg-de Vries (KdV) equation
can also be used to model the one-sided breeding of small-amplitude,

! Professor Dr., Anadolu University Faculty of Education, Department of Mathematics and Science
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long-wavelength gravity waves in a shallow channel. In all cases, the
Korteweg-de Vries (KdV) equation is attained at a definite
approximation degree, so it can’t be accepted that it represents
physical reality with perfect accuracy. Thus, one important question
that emerges is what happens to the solutions of Korteweg-de Vries
(KdV) when perturbations, resulting from the terms neglected in its
derivation, are applied. For example, whether the perturbed
Korteweg-de Vries (KdV) equation has a solitary-wave-type
solution can be asked. The answer would be related to the physical
origin and nature of the perturbation. The theory of nonlinear
dispersive wave motion has recently been the subject of extensive
study. We do not attempt to characterize the general form of
nonlinear dispersive wave equations (Wazwaz, 2002; Wazwaz,
2008; Groves, 2004). Nonlinear phenomena play a crucial role in
applied mathematics and physics (Ablowitz, 2011; Bruckner, Diill,
Schneider, 2014; Hong, Kwak, Yang, 2022; Debnath, 1997).

The multiple scales analysis of the Korteweg-de Vries (KdV)
equation causes the Nonlinear Schrodinger (NLS) equation for the
regulated amplitude to be widely known (Calegora, Degasperis,
Xiaosdo, 2001; Degasperis, 1997; Osborne, Boffetta, 1989;
Osborne, Boffetta, 1991). In (Zakharov, Kuznetsov, 1986), a much
deeper correspondence between these integrable equations not only
at the level of the equation, but also at the level of the linear spectral
problem, by showing that a multiple scales analysis of the
Schrédinger spectral problem leads to the Zakharov-Shabat problem
for the Nonlinear Schrodinger (NLS) equation. The nonlinear
Schrédinger (NLS) equation is an example of a universal nonlinear
model because it describes a wide variety of physical systems. As a
result, the equation may be used to describe a wide range of
nonlinear physical events (Seadawy, 2012; Liu, Kengne, 2019).



1 Multiple Scales Method

In this section, we consider the application of the multiple scales
method to NEEs. Using the technique of (Zakharov,
Kuznetsov,1986), getting the NLS-type equations from KdV-type
equations was shown step by step.

Let us consider the general evolution equation in the following form.

U, = K(u,ux,uy...)

(1)

where K[u] is a function of U and its derivatives with respect to the

X -spatial variables. The
well-known example of this type is the KdV equation.

Let L[@X,éyju be the linear part ofK[u]. So, using, K[u] we can

reach the dispersion relation for Eq. (1). Substituting the wave
solution space

U, Aei(kx+ry—w(k,r)t)

= A e

into the linear part of Eq. (1)

u, =L|o,,a, Ju 3
we get the dispersion relation
ok, r)=iLfik,ir] @)



Then, the dispersion relation (4) is substituted in Eq. (1). We assume
the following series expansions for the solution of Eq. (1):

u(x,y,t) Zg”U (x,t,&,7)
)

Based on this solution, we also define slow space & and multiple
time variables 7 with respect to the scaling parameter ¢ > 0,

respectively, as follows.

(6)

A nonlinear equation modulates the amplitude of this plane wave
solution in such a way that it may be considered dependent upon the
slow variables. If we choose the slow variables' different forms, we
can derive higher-order NLS equations. The multiple scales analysis
starts with the assumption:

u(x,y,t)=U(x y,t,&,7) (7)

and solution is in the form



U yt&7)= (U, +6°U, +6°U, +..) ®)

Then, considering transformation (7) and solution (8), using
dispersion relation (4) and slow variables (6), we getUand its
derivatives with respect to € in Eq. (1). And we substitute these terms
with (7) and (8) in the Eq. (1). Collecting all terms with the same
order of ¢ together, the left-hand side of Eq. (1) is converted into a
polynomial in &. Then setting each coefficient of this polynomial to
zero, we get a set of algebraic equations. Using wave solution space
(2) and dispersion relation (4), these equations can be solved by
iteration and by use of Maple. So, we can get NLS-type equations
from Eq. (1). Also, from this procedure, we can reach numerical
solutions of fKdV-type equations.

2 The Fifth Order KdV Equation (fKdV)

The multiple scales expansion method is used to study the standard
fifth-order KdV equation (fKdV) of the form (Wazwaz, 2006; Ito,
1980)

Ut + Ungxoex T VUlgry + B Uslyy + auzux =0 (9)

where a, B, and vy are arbitrary nonzero and real parameters, and u =
u(x, t) is a sufficiently often differentiable function. The parameters
a, B, and y are arbitrary, which will drastically change the
characteristics of the fKdV equation (9). Lots of forms of the fKdV
equation can be constructed by changing these parameters, but four
forms of the fKdV that are of particular interest, namely:

The Lax equation (Lax,1968) is given by
--5--



Up + Unserre T 10Uy + 20Uy, + 30u?u,, = 0 (10)

and characterized by p=27, a = f—oyz.

The Sawada—Kotera (SK) (Sawada, Kotera, 1974) equations
IS given by

Up + Upsygxe T SUU ey T SUylUyy + 5uu, =0 (11)

and characterized by B=vy, a = %yz.

The Sawada—Kotera—Parker-Dye (SKPD) equation
Up + Unseyre — 15Ulxy — 15U Uy, + 45u%u, = 0 (12)
obtained by (Parker, Dye, 2002) where y = -15 was selected to
make B = -15 and a = 45 to obtain a second form of the SK

equation.

The Kaup—Kupershmidt (Kaup, 1980; Kupershmidt, 1984)
equation

Up + Uggrnx T 10Uy + 25 U Uy, + 20uPu, = 0 (13)

and characterized by B = % Y, a= %yz.

The Kaup—Kupershmidt—Parker-Dye equation (KKPD)
(Parker, Dye, 2002; Kaup, 1980; Kupershmidt, 1984) equation

Up + Unyrry — 15U py — 72—5uxuxx + 45u?u, =0 (14)

--6--



established by (Parker, Dye, 2002) where y = -15 was selected that
makes f = — 72—5 and o = 45 to obtain another form for the KK
equation.

The Ito equation (1t0,1980)

Up + Uggrnx T SUUgyy + 6 Uplyy + 2u%u, =0 (15)
and characterized by =2y, a = %yz.

It was found that the Lax, SK, and KK equations belong to the
completely integrable hierarchy of higher-order KdV equations.
These three equations have infinite sets of conservation laws
(Goktas, Hereman, 1997; Hereman, Nuseir, 1997). However, the Ito
equation is not completely integrable but has a limited number of
conservation laws (Wazwaz, 2007).

3 Applications

In this section, we will apply the multiscale expansion method to the
(1+1)-dimensional fifth-order nonlinear Sawada-Kotera (SK) (11)
where u,, denotes the partial derivative 6 u/ox* equation.

To find the dispersion relation for (11), we consider the linear part
of (11) in the form

Ut = Uxxxxx (16)
and linear differential equation (16) satisfies the solution

u(x,t) =e',0 = kx—w(k)t (17)

Substituting the solution (17) into the linear differential equation
(16), we get



Wei(kx—wt) — kSei(kx—wt) (18)
and from this, we reach the
w(k) = k5 (19)

dispersion relation. Thus, the solution of linear differential equation
(16) is as follows:

u(x, t) = elkx=k%0 (20)

Let the solution of Eq. (11) be in the form

ux,t)y=Uxt,&17) , UKXtED)=aU, +&°U, +&°U, +...

(21)
and slow variables are in the form
&= (=0
= &(x-5k")
ro= 1P
= —10s°k’t (22)

In this case, the derivative terms in equation (11) are obtained as
follows using (20-22).



XX

XXX

XXXX

XXXXX

O, +&0,

0, —5ek*0, —10s°k°0,
2

Oy +260,; +£°0,;

2 3
Oy T 360 e +3670 00 + 70 ;4

2 3 4
O oox T 460 e $ 6670 ,y00 + 467000, + 0 e

XXXX XXXE

0 oo+ BE0 e +10£°0 .. +10£°0

XXXXX XXXXE XXXEE XXEEE

4 5
+9670 sz T8 Oeeee

(23)

Then, taking into account the transformation (11) and the solution
(21), using the dispersion relation (19) and the slow variables (22),
we obtain u and its derivatives with respect to ¢in Eq. (11). We
replace these terms with (20) and (21) in the Eq. (11). By adding
together all terms with the same ¢ -order, the left-hand side of Eq.
(11) is turned into a polynomial in¢ . After setting each coefficient
of this polynomial equal to zero, we obtain a set of algebraic
equations. If we let € = 0 and vanish the terms at minimal powers
of epsilon, by considering the case n > 1, we obtain the following:

€

2

ulr + uj_x.r.r.r.r =0 (24)

= Uyt — 5k4u1§ + 5u1u1xxx + 5u1xu1xx + Uoxxxxx + 5u1xxxx§ =0 (25)



3

€3 = ug — Sk*uye — 10k3uy; + Sufugy + 10Uscaxss

+5u—l (u2xxx + 3u1xx§) + 5u2u1xxx — U3xxxxx (26)

+5u1x(u2xx + Zule) + Sulxx (u2x + ul{) + 5u2xxxx§ =0

Then, we can find the solution of (24) as follows

U, (x,t,&,7) =V, (&,7)e Y v, (&,7)e 70D 27)

wherev_, is complex conjugate ofv, . Substituting the solution (27)
into (25), the solution of (25) is in the form,

u,(x,t,&,7) =V, (élf)ezi(kx—kSt) +V_, (5’7)e_2i(kx_k5t) +f,(6,7) (28)

where f, (&,7) is integration constant. Thus, we get

2 2
nEn = L&D v ,En = =82 (29)

wherev_is the complex conjugate ofv,andv_, is the complex
conjugate of v, . Substituting solutions (26), (28), and (29) into the
(26), we find the solution of (26) in the form

Uy (61 E,7) = V(& 7)Y oy (&, 7)e
+ f,(& T)eZi(kxfkst) + £, (& z_)e—zi(kx—kst)

(30)

--10--



where f,(&,7)and f, (&, 7) are integration constants. Then we
get

—10v3(£,7) -10v3,(§,7)
v3(§,0) = — i, vs(§n) = — o (31)
and
3vv_
i) = %
_ 10iv_qv_q¢
LD = (32)
_ _10iv1v1§
f3(f’T) - 17k3

where v ,and f, are the complex conjugates ofv, and, f,
respectively. Thus, the solutions of (31) - (32) are obtained as

u = vy T)eie +v_1( T)e_ie
u = k@EviEDvo (D) +§(V% (& De*® +v2 (g De 7))
10 i 10 i (33)
Uz = k_s(; iv_1 (& Dv_1:G, T)e 0 — ;iV1 & Dvie(§, 1)e??)
— k3D + v3 (5 1))
where
5

Finally, substituting the solutions (33) into (26), we get

-11--



i - 2
Wi, = Vi =@ ViVa

. _ 2 2
Ivlr - V1.§§ - k_2V1|V1| (35)

Describing as g =1 and q, =% (35) equation we get the (1+1)-
dimensional NLS type equations in the form

iq, =0, —24[q’| (36)

Also, the numerical solution of the (1+1)-dimensional Sawada-
Kotera (SK) equation (11) is found as

uet) = ek(q(§, D)X KD 4 g_, (£, Tyeitxk D)
+£2(3q(¢,1)q-1 (&, 1) + ng(g, D)
+§q31(€, 1)e~2ilkx—kS0)) | ke3(giq_1(.§, 1)q_1¢ (¢, T)e2ilxk°D @37)
_%iQ(E, T)q; (&, 7)e (kx—k*0)

10 i — —3i —
— 3 ke (@ (€, DS R0 4 g2, (§, Dy 3l kD)

where q is the solution of the NLS equation.
4 Results and Discussions

The multiple scales method, which is a perturbation method, is used
to find approximate solutions of nonlinear evolution equations. This
method allows us to find the solution of the given nonlinear equation
depending on the solution of the linear part by using multiple scales,
which are defined as the slow variables and depend on a parameter,
in time and space variables. First, Zakharov and Kuznetsov showed
that integrable systems can be reduced to other integrable systems

--12--



using this method. If the initially taken system is not integrable, it is
seen that the reduced system is either integrable or non-integrable as
a result of the application of the method. However, if the method is
applied to an integrable system, it is seen that the system obtained as
a result of the analysis is always integrable. This is the main purpose
of applying multiple-scale methods to integrable systems. In this
study, we examined how only NLS-type equations are derived from
fKdV-type equations using the multiple scales method. We hope this
conclusion serves as a valuable resource for researchers, scientists,
and engineers interested in nonlinear wave theory, inspiring a deeper
desire to explore further and reveal the mysteries still held within the
intricate language of the NLS equation. At the same time, we think
that the results obtained will form the basis of numerical
calculations. Also, the method can be applied to many different
NLEE equations.
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CHAPTER 2

Multiple Scales Method for the Lax Equation

MURAT KOPARAN!

Introduction

The multiple scales expansion method is a perturbation
method. First applied by (Zakharov, Kuznetsov,1986), the multiscale
expansion method was developed by reducing the KdV equation to
the NLS equation and applying it to a class of nonlinear formation
equations. Using this method, they showed that integrable systems
can be reduced to other integrable systems. Even if the system we
initially take is not an integrable system, the system reduced as a
result of applying the method is either integrable or non-integrable.
However, if the method is applied to an integrable system, the system
obtained at the end of the analysis is always an integrable system.
This is the main purpose of applying the multiscale expansion
method to integrable systems.

The Korteweg-de Vries (KdV) equation was derived in
various physical contexts. The Korteweg-de Vries (KdV) equation
can also be used to model the one-sided breeding of small-amplitude,
long-wavelength gravity waves in a shallow channel. In all cases, the

! Professor Dr., Anadolu University Faculty of Education, Department of Mathematics and Science
Education, Orcid: 0000-0003-1698-9661.
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Korteweg-de Vries (KdV) equation is attained at a definite
approximation degree, so it can’t be accepted that it represents
physical reality with perfect accuracy. Thus, one important question
that emerges is what happens to the solutions of Korteweg-de Vries
(KdV) when perturbations, resulting from the terms neglected in its
derivation, are applied. For example, whether the perturbed
Korteweg-de Vries (KdV) equation has a solitary-wave-type
solution can be asked. The answer would be related to the physical
origin and nature of the perturbation. The theory of nonlinear
dispersive wave motion has recently undergone much study. We do
not attempt to characterize the general form of nonlinear dispersive
wave equations (Wazwaz, 2002; Wazwaz, 2008; Groves, 2004).
Nonlinear phenomena play a crucial role in applied mathematics and
physics (Ablowitz, 2011; Bruckner, Dill, Schneider, 2014; Hong,
Kwak, Yang, 2022; Debnath, 1997).

The multiple scales analysis of the Korteweg-de Vries (KdV)
equation causes the Nonlinear Schrodinger (NLS) equation for the
regulated amplitude to be widely known (Calegora, Degasperis,
Xiaosdo, 2001; Degasperis, 1997; Osborne, Boffetta, 1989;
Osborne, Boffetta, 1991). In (Zakharov, Kuznetsov, 1986), a much
deeper correspondence between these integrable equations not only
at the level of the equation, but also at the level of the linear spectral
problem, by showing that a multiple scales analysis of the
Schrodinger spectral problem leads to the Zakharov-Shabat problem
for the Nonlinear Schrodinger (NLS) equation. The nonlinear
Schrédinger (NLS) equation is an example of a universal nonlinear
model because it describes a wide variety of physical systems. As a
result, the equation may be used to describe a wide range of
nonlinear physical events (Seadawy, 2012; Liu, Kengne, 2019).

1 Multiple Scales Method

--18--



In this section, we consider the application of the multiple scales
method to NEEs. Using the technique of Zakharov and Kuznetsov
[3], getting the NLS-type equations from KdV-type equations was
shown step by step.

Let us consider the general evolution equation in the following form.
U, = K(u u,,u )

Uy Uy

(1

where K [u] is a function of U and its derivatives with respect to the

X -spatial variables. The
well-known example of this type is the KdV equation.

Let L[&X,éyju be the linear part ofK[u]. So, using, K[u] we can

reach the dispersion relation for Eq. (1). Substituting the wave
solution space

u, = Aei(kx+ry—a)(k,r)t)
_ i0
= Ae (2)

into the linear part of Eq. (1)

U, = L[&X,ayju 3)
we get the dispersion relation
ok, r)=iL[ik,ir] @)

--10--



Then, the dispersion relation (4) is substituted in Eq. (1). We assume
the following series expansions for the solution of Eq. (1):

u(x,y,t) Zg”U (x,t,&,7)
)

Based on this solution, we also define slow space & and multiple
time variables 7 with respect to the scaling parameter ¢ > 0,

respectively, as follows.

(6)

A nonlinear equation modulates the amplitude of this plane wave
solution in such a way that it may be considered dependent upon the
slow variables. If we choose the slow variables' different forms, we
can derive higher-order NLS equations. The multiple scales analysis
starts with the assumption:

u(x,y,t)=U(x y,t,&,7) (7)

and solution is in the form
--20--



U yt&7)= (U, +6°U, +6°U, +..) ®)

Then, considering transformation (7) and solution (8), using
dispersion relation (4) and slow variables (6), we getUand its
derivatives with respect to € in Eq. (1). And we substitute these terms
with (7) and (8) in the Eq. (1). Collecting all terms with the same
order of ¢ together, the left-hand side of Eq. (1) is converted into a
polynomial in &. Then setting each coefficient of this polynomial to
zero, we get a set of algebraic equations. Using wave solution space
(2) and dispersion relation (4), these equations can be solved by
iteration and by use of Maple. So, we can get NLS-type equations
from Eq. (1). Also, from this procedure, we can reach numerical
solutions of fKdV-type equations.

2 The Fifth Order KdV Equation (fKdV)

The multiple scales expansion method is used to study the standard
fifth-order KdV equation (fKdV) of the form (Wazwaz, 2006; Ito,
1980)

Ut + Ungxoex T VUlgry + B Uslyy + auzux =0 (9)

where a, B, and vy are arbitrary nonzero and real parameters, and u =
u(x, t) is a sufficiently often differentiable function. The parameters
a, B, and y are arbitrary, which will drastically change the
characteristics of the fKdV equation (9). Lots of forms of the fKdV
equation can be constructed by changing these parameters, but four
forms of the fKdV that are of particular interest, namely:

The Lax equation (Lax,1968) is given by
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Up + Unserre T 10Uy + 20Uy, + 30u?u,, = 0 (10)

and characterized by p=27, a = f—oyz.

The Sawada—Kotera (SK) (Sawada, Kotera, 1974) equations
IS given by

Up + Upsygxe T SUU ey T SUylUyy + 5uu, =0 (11)

and characterized by B=vy, a = %yz.

The Sawada—Kotera—Parker-Dye (SKPD) equation
Up + Unseyre — 15Ulxy — 15U Uy, + 45u%u, = 0 (12)
obtained by (Parker, Dye, 2002) where y = -15 was selected to
make B = -15 and a = 45 to obtain a second form of the SK

equation.

The Kaup—Kupershmidt (Kaup, 1980; Kupershmidt, 1984)
equation

Up + Uggrnx T 10Uy + 25 U Uy, + 20uPu, = 0 (13)

and characterized by B = % Y, a= %yz.

The Kaup—Kupershmidt—Parker-Dye equation (KKPD)
(Parker, Dye, 2002; Kaup, 1980; Kupershmidt, 1984) equation

Up + Unyrry — 15U py — 72—5uxuxx + 45u?u, =0 (14)

--22--



established by (Parker, Dye, 2002) where y = -15 was selected that
makes f = — 72—5 and o = 45 to obtain another form for the KK
equation.

The Ito equation (1t0,1980)

Up + Uggrnx T SUUgyy + 6 Uplyy + 2u%u, =0 (15)
and characterized by =2y, a = %yz.

It was found that the Lax, SK, and KK equations belong to the
completely integrable hierarchy of higher-order KdV equations.
These three equations have infinite sets of conservation laws
(Goktas, Hereman, 1997; Hereman, Nuseir, 1997). However, the Ito
equation is not completely integrable but has a limited number of
conservation laws (Wazwaz, 2007).

3 Applications

In this section, we will apply the multiscale expansion method to the
(1+1)-dimensional fifth-order nonlinear Lax equation (10), where
u,, denotes the partial derivative o*u/ox" equation.

To find the dispersion relation for (10), we consider the linear part
of (10) in the form

Ut = Uxxxxx (16)
and linear differential equation (16) satisfies the solution

u(x,t)=e",0 = kx—w(k)t (17)

Substituting the solution (17) into the linear differential equation
(16), we get

Wei(kx—wt) — kSQi(kx—wt) (18)
--23--



and from this, we reach the
w(k) = k> (19)

dispersion relation. Thus, the solution of linear differential equation
(16) is as follows:

u(x, t) = ellex=k%0 (20)

Let the solution of Eq. (11) be in the form

ux,t) =Uxt,&7) , UKXLETD) =eU, +&’U, +&°U, +...

(21)
and slow variables are in the form
E o= g(x-2Wp
= g(x—5k")
ro= e (T
= —10s°k’t (22)

In this case, the derivative terms in equation (11) are obtained as
follows using (20-22).
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Then, taking into account the transformation (10) and the solution
(21), using the dispersion relation (19) and the slow variables (22),
we obtain u and its derivatives with respect to ¢in Eq. (10). We
replace these terms with (20) and (21) in the Eq. (10). By adding
together all terms with the same ¢ -order, the left-hand side of Eq.
(10) is turned into a polynomial ine . After setting each coefficient
of this polynomial equal to zero, we obtain a set of algebraic
equations. If we let ¢ — 0 and vanish the terms at minimal powers
of epsilon, by considering the case n = 1, we obtain the following:

E =

82

Upe + Upyxxxx = 0 (24)

= Uzt — 5k4u1§ + 10U Uyyux + 20Ug5Ugxx + Upygxxx + SulxxxxE =0 (25)

--25--



e = ug — 5k*uy — 10k3u;; + 30ufuyy + 10ugyexer
+10uy (u2xxx + 3u1xx§) + 10U, Ugxxx — Usxxxxx (26)

+20u1x(u2XX + 2u1xz) + 20u1xx(u2X + ulg) + 5u2XXXX§ =0

Then, we can find the solution of (24) as follows

U, (Xt €,7) =V, (&)Y vy (& r)e kY 27)
wherev_; is the complex conjugate of v, . Substituting the solution
(27) into (25), the solution of (25) is in the form,

U, (06 6,7) =V, (7)Y +v, (6,00 PV 1 £,(67) (g

where f, (&,7) is an integration constant. Thus, we get

2 2
nEn = 282y g = =i (29)

where v ,is the complex conjugate of v,andv_, is the complex
conjugate ofv, . Substituting solutions (26), (28), and (29) into (26),
we find the solution of (26) in the form

Uy (61 E,7) = V(& 7)Y oy (&, 7)e

+ (5 0)eM Y 4 £y (g, )e Y o
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where f,(&,7)and f, (&, 7) are integration constants

get
v3(§,1) = ‘31;1(4&) e = %
and
fi¢,r) = 217}1(#
LE D = %
f:(6,1) = _21'1:%

. Then we

31)

(32)

where v, and f, are the complex conjugates ofv, and, f,

respectively. Thus, the solutions of (31) - (32) are obtained as

o= v, (§,0)e® +v_y (¢, 7)e"?
u, = k220 DV (6 7) + 20 (E 1) + v2, (£, 7)e20))
b= A6~ 2 D)
23, 1) + v, (£, D))
where
0 = (kx—k®t) a0

Finally, substituting the solutions (33) into (26), we get
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i _ 2
vV, = Vl;ff - Fvlv—l

. 2
Vi, = Vi — k_22V1|V1| (35)

Describing as q =% and q, = %2 (35) equation, we get the (1+1)-
dimensional NLS-type equations in the form

iq, =0, —20)q’| 36)

Also, the numerical solution of the (1+1)-dimensional Lax equation
(10) is found as

uxy = ek(q(& D0 4 q_, (g r)eixkD)
+2(24(5 D1 (6 ) + 2§ DeilkD
+02 (5 D)e 205 KD) 4 ked(2iq_y (5 1)q_1( e 200 (37)
~2iq(5 )qe(§ et D)

3 i (kx—k5 —3i(kx—K5
_Zk83(qi(é’r)e31(kx k°t) +q?11(£’1_)e 3i(kx—k t))

where q is the solution of the NLS equation.
4 Results and Discussions

The multiple scales method, which is a perturbation method, is used
to find approximate solutions of nonlinear evolution equations. This
method allows us to find the solution of the given nonlinear equation
depending on the solution of the linear part by using the multiple
scales, which are defined as the slow variables and depend on a
parameter, in time and space variables. First, Zakharov and
Kuznetsov showed that integrable systems can be reduced to other

--28--



integrable systems using this method. If the initially taken system is
not integrable, it is seen that the reduced system is either integrable
or non-integrable as a result of the application of the method.
However, if the method is applied to an integrable system, it is seen
that the system obtained as a result of the analysis is always
integrable. This is the main purpose of applying the multiple-scale
methods to integrable systems. In this study, we examined how only
NLS-type equations are derived from fKdV-type equations using the
multiple scales method. We hope this conclusion serves as a valuable
resource for researchers, scientists, and engineers interested in
nonlinear wave theory, inspiring a deeper desire to explore further
and reveal the mysteries still held within the intricate language of the
NLS equation. At the same time, we think that the obtained results
will form the basis of numerical calculations. Also, the method can
be applied to many different NLEE equations.
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CHAPTER 3

Approximate Solution of the Kaup-Kupershmidt (KK)
equation

MURAT KOPARAN!

Introduction

The multiple-scale expansion method is a perturbation
method. First applied (Zakharov, Kuznetsov,1986), the multiple
scales expansion method was developed by reducing the KdV
equation to the NLS equation and applying it to a class of nonlinear
formation equations. Using this method, they showed that integrable
systems can be reduced to other integrable systems. Even if the
system we initially took is not an integrable system, the system
reduced as a result of applying the method is either integrable or non-
integrable. However, if the method is applied to an integrable
system, the system obtained at the end of the analysis is always an
integrable system. This is the main purpose of applying the
multiscale expansion method to integrable systems.

Known for its distinguished role in the development of
nonlinear physics, the Korteweg-de Vries (KdV) equation has been

! Professor Dr., Anadolu University Faculty of Education, Department of Mathematics and Science
Education, Orcid: 0000-0003-1698-9661.
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derived in a variety of physical contexts. For example, it can be
thought of as modeling the unilateral propagation of long-
wavelength gravitational waves of small amplitude in a shallow
channel. In any case, the Korteweg-de Vries equation is obtained
with a certain degree of approximation and, therefore, cannot be
considered to represent physical reality with perfect accuracy.
Therefore, an important question arises about what would happen to
the solutions of the Korteweg-de Vries equation when perturbations
from neglected terms in the derivation come into play. For instance,
would the perturbed Korteweg-de Vries equation still have a well-
localized single-wave solution? The answer, sure, would depend on
the nature and physical origin of the perturbation. Currently, studies
are underway on the nonlinear fifth-order KdV-type equations, as
they can describe real properties in various scientific applications
and engineering fields, and have practical and physical significance.
The theory of nonlinear dispersive wave motion has recently been
the subject of extensive study. We do not attempt to characterize the
general form of nonlinear dispersive wave equations (Wazwaz,
2002; Wazwaz, 2008; Groves, 2004). Nonlinear phenomena play a
crucial role in applied mathematics and physics (Ablowitz, 2011;
Bruckner, Diill, Schneider, 2014; Hong, Kwak, Yang, 2022,
Debnath, 1997).

The nonlinear Schrodinger (NLS) equation is an example of a
universal nonlinear model because it describes a wide variety of
physical systems. As a result, the equation may be used to describe
a wide range of nonlinear physical events. The multiple scales
analysis of the Korteweg-de Vries (KdV) equation causes the
Nonlinear Schrédinger (NLS) equation for the regulated amplitude
to be widely known (Calegora, Degasperis, Xiaosdo, 2001,
Degasperis, 1997; Osborne, Boffetta, 1989; Osborne, Boffetta,
1991). In (Zakharov, Kuznetsov, 1986), a much deeper



correspondence between these integrable equations is indicated, not
only at the level of the equation, but also at the level of the linear
spectral problem by showing that a multiple scales analysis of the
Schrodinger spectral problem leads to the Zakharov-Shabat problem
for the Nonlinear Schrodinger (NLS) equation. The nonlinear
Schrédinger (NLS) equation is an example of a universal nonlinear
model because it describes a wide variety of physical systems. As a
result, the equation may be used to describe a wide range of
nonlinear physical events (Seadawy, 2012; Liu, Kengne, 2019).

1 Multiple Scales Method

In this section, we consider the application of the multiple scales

method to NEEs. Using the technique of (Zakharov, Kuznetsov,

1986), getting the NLS-type equations from KdV-type equations was

shown step by step.

Let us consider the general evolution equation in the following form.
U, = K(u u,u )

1 Uy Uy

(1

where K [u] is a function of U and its derivatives with respect to the

X -spatial variables. The
well-known example of this type is the KdV equation.

Let L[@X,ayju be the linear part of K[u]. So, using, K[u] we can

reach the dispersion relation for Eq. (1). Substituting the wave
solution space

u, = Aei(kx+ry—a)(k,r)t)

Ae' ?)

into the linear part of Eq. (1)
--35--



u, =L|o,,0, Ju 3

we get the dispersion relation

ok, r)=iL[ik,ir] @)

Then, the dispersion relation (4) is substituted in Eq. (1). We assume
the following series expansions for the solution of Eq. (1):

u(x,y,t) Zg”U (x,t,&,7)
)

Based on this solution, we also define slow space & and multiple
time variables 7 with respect to the scaling parameter ¢ > 0,

respectively, as follows.

(6)

A nonlinear equation modulates the amplitude of this plane wave
solution in such a way that it may be considered dependent upon the
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slow variables. If we choose the slow variables' different forms, we
can derive higher-order NLS equations. The multiple scales analysis
starts with the assumption:

u(x,y,t)=U(x, y,t,&,7) (7)

and solution is in the form

U(x yt,¢,7)= (U, +&°U, +6°U, +..) ®)

Then, considering transformation (7) and solution (8), using
dispersion relation (4) and slow variables (6), we getUand its
derivatives with respect to ¢ in Eq. (1). And we substitute these terms
with (7) and (8) in the Eq. (1). Collecting all terms with the same
order of ¢ together, the left-hand side of Eq. (1) is converted into a
polynomial in ¢. Then setting each coefficient of this polynomial to
zero, we get a set of algebraic equations. Using wave solution space
(2) and dispersion relation (4), these equations can be solved by
iteration and by use of Maple. So, we can get NLS-type equations
from Eq. (1). Also, from this procedure, we can reach numerical
solutions of fKdV-type equations.

2 The Fifth Order KdV Equation (fKdV)

The multiple scales expansion method is used to study the standard
fifth-order KdV equation (fKdV) of the form (Wazwaz, 2006; Ito,
1980)

--37--



Up + Ugxxpx T YUUgxx + B Uy Uy T 0mzux =0 (9)

where a, B, and y are arbitrary nonzero and real parameters, and u =
u(x, t) is a sufficiently often differentiable function. The parameters
a, B, and y are arbitrary, which will drastically change the
characteristics of the fKdV equation (9). Lots of forms of the fKdV
equation can be constructed by changing these parameters, but four
forms of the fKdV that are of particular interest, namely:

The Lax equation (Lax,1968) is given by
Up + Upgrnx T 10UU e + 20Uy Uy + 30u?u, = 0 (10)

and characterized by p=27, a = f—oyz.

The Sawada—Kotera (SK) (Sawada, Kotera, 1974) equations
IS given by

Up + Upyrpy T SUUyxy + SUyUyy + 5u?u, =0 (11)

and characterized by p=vy, a = %yz.

The Sawada—Kotera—Parker—Dye (SKPD) equation
Up + Unseyre — 15Uleyy — 15U Uy, + 45u%u, = 0 (12)

obtained by (Parker, Dye, 2002) where y = -15 was selected to
make B = -15 and o = 45 to obtain a second form of the SK
equation.

The Kaup—Kupershmidt (Kaup, 1980; Kupershmidt, 1984)

equation
--38--



Up + U T 10Uy + 25 UnUyy + 20u%u,, = 0 (13)

and characterized by p = % Y, @ = %yz.

The Kaup—Kupershmidt—Parker-Dye equation (KKPD)
(Parker, Dye, 2002; Kaup, 1980; Kupershmidt, 1984) equation

Up + Uy — 15Uy — 72—5uxuxx + 45uu, = 0 (14)

established by (Parker, Dye, 2002) where y = -15 was selected that
makes f = — 72—5 and o = 45 to obtain another form for the KK
equation.

The Ito equation (1t0,1980)

Up + Uggrnx T SUUgyy + 6 UplUyy + 2u%u, = 0 (15)
and characterized by =2y, a = gyz.

It was found that the Lax, SK, and KK equations belong to the
completely integrable hierarchy of higher-order KdV equations.
These three equations have infinite sets of conservation laws
(Goktas, Hereman, 1997; Hereman, Nuseir, 1997). However, the Ito
equation is not completely integrable but has a limited number of
conservation laws (Wazwaz, 2007).

3 Applications

In this section, we will apply the multiscale expansion method to the
(1+1)-dimensional fifth-order nonlinear Kaup—Kupershmidt (KK)
(13), where u, denotes the partial derivative 6 u/ox* equation.
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To find the dispersion relation for (11), we consider the linear part
of (11) in the form

U = Uxxxxx (16)
and linear differential equation (16) satisfies the solution
u(x,t) =e',8 = kx—w(k)t (17)

Substituting the solution (17) into the linear differential equation
(16), we get

Wei(kx—wt) — ksei(kx—wt) (18)
and from this, we reach the
w(k) = k5 (19)

dispersion relation. Thus, the solution of linear differential equation
(16) is as follows:

u(x’ t) — ei(kx—k5t) (20)
Let the solution of Eq. (11) be in the form
ux,t) =Uxt,E7) , UXLETD) =eU, +&°U, +&°U, +... 1)

and slow variables are in the form



& = o(x- 40
= g(x-5k")

0= —lef(tay)

21,3
= -10¢ k t (22)

In this case, the derivative terms in equation (11) are obtained as
follows using (20-22).

D, = 0,+&0,
D, = 0, —5é&"0, —10£°k°0,
D, = 0,+260,. +&°0,,
Dy = Ouu+360, +36°0, . +6°0,;,
Duck = Oyt 4805 +6826XX§§+4838X§§§+84a§§§§
Ducx = Ooex T 980 e +10826xxx§§ +10838XX§§§
+55°0 e+ 870 (23)

Then, taking into account the transformation (13) and the solution
(21), using the dispersion relation (19) and the slow variables (22),
we obtain u and its derivatives with respect to ¢in Eq. (13). We
replace these terms with (20) and (21) in the Eq. (11). By adding
together all terms with the same ¢ -order, the left-hand side of Eq.
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(13) is turned into a polynomial in¢ . After setting each coefficient
of this polynomial equal to zero, we obtain a set of algebraic
equations. If we let € — 0 and vanish the terms at minimal powers
of epsilon, by considering the case n > 1, we obtain the following:

€ = Uyt Upexxxx = 0 (24)

2

£ = Uzt — 5k4u1§’ + 10U Ugsenx + 25UpxUppx + Uzxxxxx + 5u1xxxx§ =0 (25)

3

€ = ug — SkMuye — 10k3uy; + 20ufuy, + 10U pxxss

+5u1(u2xxx + 3u1xx§) + 1Ouzulxxx — U3xxxxx (26)

+25u1x(u2xx + Zule) + 25u1xx(u2x + ulf) + 5u2xxxx§ =0

Then, we can find the solution of (24) as follows

U (Xt €,7) =V, (&,2)e Y vy (& r)e Y 27)
wherev ; is the complex conjugate of v, . Substituting the solution
(27) into (25), the solution of (25) is in the form,

U, (01 6,7) =V, (7)Y +v, (6,00 Y 1 £,(67) (g

where f, (&,7) is an integration constant. Thus, we get

7v2(§, 7v2,(E,
nEn = HED Ly, = D (29)
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where v ,is the complex conjugate of v,andv_, is the complex
conjugate ofv, . Substituting solutions (26), (28), and (29) into (26),
we find the solution of (26) in the form

Ug(X,t,f,‘[) = V3 (élz_)eSi(kX—kf’t) +V_3 (f,T)e_Si(kx_kst)
+ (5 0)e" Y 4 £y (g, )e Y o

where f,(&,7)and f, (&, 7) are integration constants. Then we
get

13vi (&t 13v3, (&1
v(Gm) = =280 v, = A (31)
and
6 _
fign = =
=7iv_qv_
LED = — = (32)
HEn = o
3%> 3k3

where v ;and f, are the complex conjugates ofv, and, f,
respectively. Thus, the solutions of (31) - (32) are obtained as



w = v (€, 1)l +v_y(§,1)e
up = k260§ D)o (€ 1) + 2 (WE(E 1M + w2, (§,T)e 7))
us = kT3 (=Ziv (601 e + Zivy (6, T)vig (¢, 7)eX?)
+ 2k W (6, 1) + v (¢, T)e )
where
0 = (kx—k°t)

Finally, substituting the solutions (33) into (26), we get

; _ 2
v, = Vlfe; e ViV,
. _ 2 2
V= Vi - Ay

(33)

(34)

(35)

Describing as q=+ and q,=-2 (35) equation, we get the

dimensional NLS-type equations in the form

iq, =0, —2qq’|

(36)

Also, the numerical solution of the (1+1)-dimensional Kaup-

Kupershmidt (KK) equation (13) is found as



uxy = ek(q(G et + q_y (g e )
+62(69(6 V4-1(&7) + £ q* (& Ve kD
+2021(6 Ve M0 ke (—Tig1 (6 1)q-12(6 e 20D (37)
+2iq(5 1)z (§ )e?ix kD)

+1_2k83 CHE T)eSi(kx—kst) +63,6 T)e—3i(kx—k‘5t))
where q is the solution of the NLS equation.
4 Results and Discussions

The multiple scales method, which is a perturbation method, is used
to find approximate solutions of nonlinear evolution equations. This
method allows us to find the solution of the given nonlinear equation
depending on the solution of the linear part by using multiple scales,
which are defined as the slow variables and depend on a parameter,
in time and space variables. First, Zakharov and Kuznetsov showed
that integrable systems can be reduced to other integrable systems
using this method. If the initially taken system is not integrable, it is
seen that the reduced system is either integrable or non-integrable
because of the application of the method. However, if the method is
applied to an integrable system, it is seen that the system obtained
from the analysis is always integrable. This is the main purpose of
applying multiple-scale methods to integrable systems. In this study,
we examined how only NLS-type equations are derived from fKdV-
type equations using the multiple scales method. We hope this
conclusion serves as a valuable resource for researchers, scientists,
and engineers interested in nonlinear wave theory, inspiring a deeper
desire to explore further and reveal the mysteries still held within the
intricate language of the NLS equation. At the same time, we think
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that the results obtained will form the basis of numerical
calculations. Also, the method can be applied to many different
NLEE equations.
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CHAPTER 4

CROSS-CORRELATION OF FUNCTIONS

AYSE SANDIKCI'

Introduction

Cross-correlation is a powerful mathematical tool used to measure
how much two signals resemble each other. It works like a sliding
dot product; we keep one function still, slide the second function
over it, and calculate their overlap at every position. Because of
this sliding mechanism, cross-correlation is widely used to search
for a known, short pattern inside a much longer signal. Although it
is structurally similar to convolution, it does not involve flipping
the signal. Today, this operation plays a critical role in diverse areas
such as 1image processing, pattern recognition, and
neurophysiology. Furthermore, when a signal is correlated with
itself, a process known as autocorrelation, the resulting function is
bounded in magnitude by its value at zero shift. In particular, the
autocorrelation magnitude attains its maximum at zero shift, which
corresponds to the total energy of the signal.

Beyond its mathematical definition, cross-correlation occupies a
central place in several areas of applied science. In signal

! Dog¢.Dr., Ondokuz Mayis University, Faculty of Science, Department of
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processing, it provides the foundation for matched filtering and
signal detection, while in statistics it is closely related to the study
of dependence between random variables and stochastic processes.
Cross-correlation is also widely used in image analysis and pattern
recognition, where it serves as a measure of similarity between
observed data and reference patterns. In time-series analysis, it is
an important tool for investigating lag relationships between
sequences of observations. Owing to these diverse applications,
cross-correlation has become one of the most fundamental
operations for similarity assessment across a broad range of
scientific disciplines, (Akay & Boudreaux-Bartels, 2002),
(Oppenheim & Schafer, 2010).

This chapter provides a unified exposition of the classical
theory of cross-correlation. While the main definitions and results
presented here are well established in the literature, they are
adapted and organized with an emphasis on mathematical analysis.
Particular attention is given to the existence of the cross-correlation
operator for compactly supported and L! functions, together with
examples illustrating the underlying theory. The contribution of the
chapter lies in this systematic presentation rather than in the
development of new theoretical results.

Before introducing the formal definition of cross-correlation
and the criteria required for its mathematical existence and looking
at concrete computational examples, it is necessary to define the
core mathematical tools that make this analysis possible.

The Lebesgue space, denoted by L' (R), is defined as the set
of complex-valued measurable functions on R that satisfy

j k()] dy < oo.
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If h € L'(R), the L! norm of h is defined by

hlls = 1Al = f Ih()| dy < oo.

Under the norm ||-||,, the set of functions L' (R) forms a complete
normed vector space.

Let h € L1(R), let us define h (or Fh) by
Fh(z) = h(z) = f h()e2m%%dx, 7€ R

The expression A denotes the Fourier transform of h, (Grochenig,
2001), (Debnath & Shah, 2015).

Let f and g be functions on R. Then the convolution of f
and g is the function f * g defined by

(f * ) = f Fam)g(x — m)dm,

for any x € R such that the integral exists, (Bracewell, 200),
(Stade, 2005).

Definition and Properties of Cross-Correlation

Definition 1.1. Given two real or complex-valued functions f and
g on R, their cross-correlation, denoted by f * g, is specified by
the following integral for any x € R where the integration
converges

(9@ = [ fomglm=x)dm
In this context, the overline represents the complex conjugate of the
function g, (Akay & Boudreaux-Bartels, 2002).
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The main difference between convolution and cross-
correlation is that convolution reverses the function g before
shifting it, while cross-correlation shifts it directly and uses its
complex conjugate. Consequently

(f*g9) ) = (f * P,

where G(x) = g(—x). Thus, cross-correlation is equivalent to
convolution with a time-reversed and conjugated version of g.

The cross-correlation operation satisfies several important algebraic
properties, which are summarized below. In each case, it is
assumed that f, g, and h are functions, and @ and 8 are complex
constants.

1. Cross-correlation does not satisfy the commutative law
(f x g # g * f). Commuting the operands results in a
reflection of the correlation sequence across the ordinate
axis, accompanied by a complex conjugation in the case
of complex-valued signals, namely

f * )@ = (g * H-2).

Indeed, by changing the variable to m — z = u, we get

(f * 9)(@) = j fa)gGm — 2dm = f fu+ 2)gdu
e R

=ff(u+z)g(u)du= (g *)(=2).
R

2. If g is a Hermitian function, it satisfies the property
g(x) = g(—x). When g is Hermitian, it introduces a
beautiful simplification to the cross-correlation
operation, reducing it to a standard convolution

(f » 9)(2 = (f *g9)(2).
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Indeed, using the Hermitian property of g, namely

g(m —z) = g(z — m), we obtain

(f % 9)(@) = f f(m)g(m — dm

= [ romgG - mydm

= (f*9)(@).
3. For Hermitian functions f and g, the cross-correlation is
commutative:
F9)@ = [ rmgim=—aam = [ fmgls —myam

= f f(z—wgwdu = f fu—z)g(w)du

= (g * ).

4. Cross-correlation distributes over addition and respects
scalar multiplication. Specifically, if the right side of the
equation exists, then the left side is also well-defined
and equals

((af +Bg)* h)(2) = al(f * W(2)+B(g * W(2).
Indeed,

((af +B9) * N)(2) =f_ (af + B g)(m) h(m — z) dm

=ajoof(m)h(m—z)dm+ﬁjoog(m)h(m—z)dm
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=a(f * h)(2) + B(g * h)(2).
Example 1.2. Find f * g,if f(x) = e ™ and g(x) = cosx.

Solution. Since cosx is a real-valued function, its complex
conjugate remains unchanged, meaning g(m —x) = g(m — x).
Substituting these into the formula yields

(fxg)(x) = foo e~ ™ cos(m — x) dm
- fooe"m'cos(m — x)dm.

To simplify the integrand, we apply the trigonometric identity for
the cosine of a difference, which states that
cos(m —x) = cos(m)cos(x) + sin(m) sin(x).

This allows us to expand the integral into two separate terms
(f*g)x) = f e~ ™ (cos(m) cos(x) + sin(m) sin(x))dm.

Because the integration is performed with respect to m, the terms
containing x act as constants and can be moved outside the
integrals. The expression then becomes

(f * 9)(x) = cos(x) f_ooe"'m'co s(m)dm

+ sin(x)f e Msin(m)dm

We can analyze the behavior of these two integrals by looking at
their symmetry. The integrand in the second term, e™"™si n(m), is
an odd function because replacing m with —m negates the entire
expression. Integrating an odd function over symmetric limits from
—o0 to oo results in zero, which eliminates the sine term
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f e Msin(m)dm = 0.

For the remaining integral, e "™l co s(m) is an even function, so we
can write

f e"™cos(m)dm = Zf e ™co s(m) dm.
—o0 0

Using the standard integral

e a
fo e % cosbydy = Z1p2 a>o0,
witha =1 and b = 1, we obtain
*© 1
f e Mcos(m)dm = —=.
0 2
Therefore,
*© 1
J e~ ™lcos(m)dm =2 5= 1.

Substituting this result back gives

(f * 9)(x) = cos(x).
Cross-Correlation of Two Functions with Compact Support

Another major difference between cross-correlation and
basic arithmetic like addition or multiplication is the question of
existence. If two functions f(x) and g(x) exist, their sum (f +
9)(x) and their product (fg)(x) always exist as well. However,
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we cannot say the same for the cross-correlation (f * g)(x). To see
this clearly, let us look at a very simple example. Suppose both
functions are constant and equal to 1 for all x, so f(x) = g(x) =
1. If we put these into the cross-correlation formula, we get

oo

(F % g)(x) = f F(m)glm = x)dm = f 1dm.

— 00

This integral is infinite. Even though our starting functions f and g
are perfectly well-defined everywhere, their cross-correlation does
not exist for even a single value of x.

This brings us to two important questions: When does
(f *» g)(x) actually exist? And what can we know about the nature
of the resulting function f x g based on the properties of f and g?
We will answer these questions with general rules and specific
examples. First, we will look at functions that are zero outside a
limited area, known as compactly supported functions, which will
lead straight to our first useful result. To achieve this, we adapt a
well-known proposition for convolution introduced by Eric Stade
(Stade, 2005) and extend it to the context of cross-correlation.

Proposition 1.3. Assume that a,b,c,d € R, a < b,c < d,
d—c<b-a,and

0, x<a, 0, x <c,
f(x)={F(x), a<x<b, gk ={G(x), c<x<d,
0, x> b, 0, x> d.

(It does not matter how, or whether, f(a), f(b), g(c), or g(d) is
defined). Then
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( 0, x<a-—d,

x+d
f F(y)G(y—x)dy, a—d<x<a-—c,
a

x+d
(f*g)(x)=<f FO)G —x)dy, a—c<x<b—d,

b ——————
f F(y)G(y—x)dy. b—d<x<b—c,
xX+c
\ 0, x=>b—c.

In all cases, (f * g)(x) is well-defined whenever its corresponding
integral converges.

Proof. Assume that a < b,c <d, d —c < b —a. Since
f(y) is nonzero only for a < y < b, and g(y — x) is nonzero only
when

c<y—x<d,
the integrand is nonzero only on the intersection of the intervals
(a,b) and (x +c,x +d).

Therefore,

min(b,x+d)

(f * 9)(x) = f FOIGG — 0)dy,

max(a,x+c)

whenever the interval of integration is nonempty; otherwise,

(f *9)(x) = 0.

The support of the cross-correlation is determined by the condition
that the two intervals overlap. This gives

a—d<x<b-—c.
Hence,

(fxg)(x)=0 for x<a-dorx=bh-c.
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Using the assumption d — ¢ < b — a, the overlap can be described
by three regions.

Fora—d<x<a-c,

x+d

(f * 9)(x) = f FG)GG — 0)dy,

a
fora—c<x<b-d,

x+d

(f * 9)(x) = f FO)GG — x)dy.

x+c

With the substitution t = y — x, this may also be written as

d ——
(F * 9)(x) = f F(x + G0 dt.

Finally, forb—d <x <b —c,
b

(f * 9)(x) = j FO)GG — 0)dy.

x+c
Combining these cases, the cross-correlation is
( 0, x<a-—d,

x+d
f F(y)G(y —x)dy, a—d<x<a-—c¢,
ax+d
(f %)) =4 f FG)GO —Ddy, a—c<x<b—d,
x+c

b ———
f F(y)G(y —x)dy. b—d<x<b—c,
xX+cC
\ 0, x>b—c.

This expression gives the cross-correlation of two functions whose
supports are the finite intervals (a, b) and (c, d).
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Looking at the regions above, we can see that the cross-
correlation produces a non-zero result starting exactlyat x = a — d
and ending exactly at x = b — c¢. Therefore, the support of the
cross-correlation function f = g is the closed interval

supp(f xg) =[a—d,b—c].

Remark. Notice how this differs from convolution. The
support of the convolution f x g is the sum of the intervals,
[a + ¢,b + d]. However, because cross-correlation slides the
template function without reversing it, its support is determined by
the differences between the boundaries, [a — d, b — c].

The above proposition has this useful consequence.
Corollary 1.4. If f and g are compactly supported, then so
ISf*xg.
Example 1.5. Consider the functions
f) =xx[-2,11(0),  g(x) = Xx[0,21(x),

where y, denotes the characteristic function of the set A. Since
both functions are real-valued, the cross-correlation of f and g is
defined by

= | fOg0 - dy
Substituting the definitions of f and g, we obtain

(frg)x) = f Y X[-211)X1021(y — x) dy.

The condition y[o (¥ — x) = 1 is equivalent to
x<y<x+?2

Therefore,
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(f * g)() = f y dy.

[-2,1]n[0,2]

The intervals [—2,1] and [x, x + 2] overlap only when
—4<x<1.

Hence, (f x g)(x) =0forx < —4andx > 1.

To evaluate the integral, we consider the possible overlap regions.

Casel. —4<x< -2

In this range,
[-2,1] N [x,x+ 2] =[-2,x + 2].
Thus,
x+2 x% 4+ 4x
(f*g)(x)=f ydy = >
-2
Case2. -2<x<-1
Here,
[—2,1] N [x,x + 2] = [x,x + 2].
Therefore,

(f*g)(x>=j ydy = 2x +2.

Case3d. —-1<x<1
In this case,
[—2,1] N [x,x + 2] = [x, 1]

Hence,

1

(f*g><x>=f y dy =

X
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Combining the three cases yields

(0 x < —4,
x% 4 4x
2 ’ _4<XS—2,
Frg@)=fx) =3 2x+2, —-2<x<-1,
1 —x? L<r<1
> <x<1,
L\ 0, x> 1.

Thus, the cross-correlation of f(x) = x y[_21)(x) and g(x) =
X[o,21(x) is the piecewise function given above and

supp(f * g) = [-41].
When is the Cross-Correlation in L1(R)?

When we study cross-correlation in the context of function
spaces, a fundamental question arises. If two functions f and g
belong to L'(R), does their cross-correlation f = g also belong to
LY(R)? The following theorem provides a positive answer to this
question.

Theorem 1.6. Let f, g € LY(R). Then f x g exists for almost
every x, belongs to L'(R), and satisfies

If = glls < ll£ Nl llglls-

Moreover,

| Z(f* D) dx = ( | Zf(y)dy) ( | Zg(u) du).

In particular, if g is real-valued, then

| Z(f v ) dx = ( | Zf(y)dy) ( f_ig(u) du).

Proof. Since f, g € L*(R), Tonelli's theorem yields
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ﬁlf(y)llg(y — x)|dydx = f_ilf(y)l (Jm lg(y — x)|dx> dy.

— 00
— 00

Using the change of variablesu = y — x, we obtain

(o) [o9]

f|mwwwu=f|mwmuwwy

Hence

j f IfFWIlg(y — Oldydx = Ifll1 llglly < co.

Therefore the function (y,x) — f(y) g(y — x) is integrable on
R?2, and Fubini's theorem implies that f x g is defined for almost
every x. Furthermore,

| 10 5= dy| ax

I« gll = [

simLJﬂwM@—wwwx

= [Ifll1 llglly < co.
Consequently, f x g € LY(R).

Finally, by Fubini's theorem,

j::(f* g)(x)dx = j:; f_if(y)mdy dx

==Jj:f(y)<Ji:§(;t?;jdx> dy.

Again using the substitutionu = y — x,
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[(somax=[ swau=] g

Therefore,

J::(f* g)(x)dx = <j;0;f(y)dy> <J_O:og(u) du).

This completes the proof.

The Fourier Transform of the Cross-Correlation

Theorem 1.7. Let f, g € L'(R). Then

F(f» 9)©&) = £ 3©.

Proof. By definition of Fourier transform, we write

F(f % 9)(©) = j (F* g)(x) e-2"%E .

Substituting the definition of the cross-correlation gives

F(f > 9)(&) =f (ff(y) gy —x) dy) e~ 2miXs

Since f, g € L'(R), Fubini’s theorem allows us to interchange the
order of integration

?(f*g)(f)=f ) (f g(y—x)e-“fxfdx)dy.

Letu = y — x. Then

o

| so=memitax = | gy e motan

— 00
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— e—2niyff g(u) eZm'ufdu'
Substituting this into the previous expression yields
F(f> 9@ = <f fy) e 2™ dy ) <J g ez”"“fdu>.

The first factor is £ (&) , while

[ee]

| 900 e an = | 9w ems du =5,

— 00

Hence,

F(f* 9 = F(©) §©.
Results and Discussion

This chapter has reviewed and illustrated the main theoretical
properties of the cross-correlation operator. Particular attention was
given to existence conditions, the relationship with convolution,
Fourier transform techniques, and representative examples that
demonstrate the behavior of the operator in different settings.

Several examples were studied to illustrate both the
analytical and geometric behavior of cross-correlation. In
particular, compactly supported functions were shown to produce
piecewise-defined correlation functions whose structure is
determined by the overlap of the supports. These examples
demonstrate how cross-correlation measures the similarity between
shifted functions and how this similarity changes as the amount of
overlap varies.
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The results also highlight the close relationship between
cross-correlation and convolution. Under suitable symmetry
assumptions, the two operations coincide, while in the general case
cross-correlation can be interpreted as a modified form of
convolution involving reflection and complex conjugation. This
connection allows many techniques developed for convolution to
be applied to cross-correlation as well.

From an application perspective, cross-correlation plays an
important role in signal processing, image analysis, pattern
recognition, and time-series analysis. The theoretical results
obtained in this chapter provide a mathematical foundation for such
applications and facilitate both analytical and computational
investigations.

Future work may focus on multidimensional extensions,
generalized function settings, and numerical implementations based
on Fourier transform techniques. Such developments would further
broaden the applicability of the cross-correlation operator in both
pure and applied mathematics.
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CHAPTER 5

DISCRETE ORLICZ SEQUENCE SPACES
GENERATED BY YOUNG FUNCTIONS

MOCHAMMAD IDRIS!
SUKRAN KONCA?

1. Introduction

Sequence spaces play a fundamental role in functional analysis,
Banach space theory, approximation theory, and the study of linear
operators. Also they, viewed as vector spaces, can be equipped with
additional structures such as norms or inner products, leading to rich
geometric and topological properties (Brezis, 2011).

A sequence is an ordered list of real numbers, such as

(xk)liozl = (X1, X2, X3, .0),
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where x; represents the k-th term of the sequence (Rosen &
Krithivasan, 2012). Let V be the collection of all real sequences.
Together with the field R, the set V' forms a vector space under the
usual operations of sequence addition and scalar multiplication
(Lang, 2005). Indeed, these operations satisfy all vector space
axioms (Kalita, Hazarika, 2024; Kreyszig, 1978).

A vector subspace can be obtained by imposing suitable membership
conditions on the elements of V. One of the most important classes
of sequence spaces is the family of p-summable sequence spaces €7,
defined for 1 < p < oo by

€p={er:z | Xy Ip<00}
k=1

(Idris et al., 2013). For the special case p = oo, we define
. ={xEV:sup ka|<00}.
keN

It is straightforward to verify that each #P satisfies the axioms of a
vector space. These spaces are commonly referred to as p-summable
sequence spaces.

Let X be a real vector space. As stated in (Kreyszig, 1978), a norm
on X is a mapping

Ilix: X = R
satisfying the following properties for all x,y € X and a € R:

1. (Positivity) || x [[x= 0; Il x lly= 0if and only if x = 0.
2. (Homogeneity) |l ax llx=| a Il x llx.
3. (Triangle Inequality) | x + y lIx<Il x lIx +Il ¥ llx.

A pair (X, II-llx) satisfying these properties is called a normed space.
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A normed space X is called complete, or equivalently a Banach
space, if every Cauchy sequence in X converges to an element of X
(Berberian, 1961; Kreyszig, 1978).

A sequence (x(m)) converges to x € X if and only if
I x™ —x ly— 0 (m - o).
Similarly, (x(m)) is a Cauchy sequence whenever

For a fixed 1 < p < oo, the space #P is equipped with the norm

oo 1/p
I x ll,= (Z | x, Ip> , x € P,
k=1

For p = oo, the usual norm is

I x lo=sup | xi I.
keN

It is well known that every space £?, endowed with its usual norm,
is complete and therefore forms a Banach space (Kreyszig, 1978).

We now examine the relationship between £° and £ when
1<s<p<oo

Let x € 5. Then

o) 1/s
I x ll= (Z | % |S> < oo,
k=1

Consequently,
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o

| o ke e 1P (kal)s
Il 1 Il g/

k=1

[ x|

Since 0 < < 1, forall k €N, it follows that

) s
Il x Il Il x Il

forallk € Nand 1 < s < p < oo. Therefore,

oo o

Z <||| ikui)p = Z <||| ikuls)s =1

k=1 k=1

lIxlls

Multiplying both sides by |l x II¥, we obtain

(o]
1 1= 1 P<l x 12,
k=1

Hence,
I x <l x lls< oo,

which proves that £° € #P. To see that this inclusion is proper,
consider the sequence

1
y=0k=r Yk = i

Then observe that,

o)

o0 | |S 1

= — = 00
E Vk X )
k=1

k=1
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the series is the harmonic series and diverges, showing that y & £°.
On the other hand,

converges, since § > 1. Hence y € #P but y & £°. This shows that

5 ¢ ¢P. Consequently, we have the chain of proper inclusions
PP, , forl<s<p<oo,
and the corresponding norms satisfy
for every x € €1, Il x lloo<Il x L, <Il x Is<Il x 5.

The classical sequence spaces ¢P play a fundamental role in
functional analysis and exhibit a rich hierarchy of inclusion relations
(Konca et al., 2015). These relations reveal that stronger
summability requirements produce smaller sequence spaces and
naturally motivate the search for more flexible frameworks capable
of describing a broader spectrum of growth behaviors. A natural
extension of the spaces ¢P is obtained by replacing the power
function t? with a more general convex function, known as a Young
function (Orlicz, 1932). This leads to the theory of Orlicz spaces,
whose discrete counterparts, the Orlicz sequence spaces, generalize
the classical #P-spaces and provide a versatile setting for studying
summability beyond the traditional power-law framework (Orlicz,
1932; Stein & Shakarchi, 2005).

A central tool in the analysis of Orlicz spaces is the Luxemburg
norm, which furnishes a natural norm structure even when the
underlying growth function is not homogeneous. In this chapter, we

visit discrete Orlicz sequence spaces generated by Young functions
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and examine their connections with the classical spaces #P. After
reviewing the fundamental inclusion properties of £P-spaces, we
introduce the Luxemburg norm and establish its basic properties. We
then show how the spaces ¢P, I <p < oo, as well as the space ¥,
arise within the Orlicz framework through appropriate choices of
Young functions. Furthermore, when a Young function behaves near
the origin like the power function tF with B>1, we prove the
equivalence of the corresponding Luxemburg norm and the classical
£B-norm. Consequently, the associated Orlicz sequence space
coincides with £8, yielding completeness and inclusion results that
demonstrate the decisive influence of the local growth of a Young
function on the structural and topological properties of the
corresponding sequence space.

2. Preliminary
2.1. Young Functions

Definition 1 Let @ be a function defined on the interval [0, ). We
say that @ is a Young function if it satisfies the following properties
(see in Rao & Ren, 1991):

1. (Convexity) @ is convex on [0, ©); that is, for every x,y =
0 and every 4 € [0,1],

PAx+ (A -2y <AP(x) + (1 = 1)D(y).
2. (Monotonicity) ®is strictly increasing on [0, c); namely,
®(ty) < P(ty)whenever0 < t; < ty.
3. (Normalization at the Origin) ® vanishes at the origin,
®(0) = 0.

4. (Growth at Infinity) @ tends to infinity as its argument tends
to infinity,
—72--



ltim d(t) = oo.

These conditions ensure that a Young function provides a
suitable measure of growth and serves as the foundation for the
construction of Orlicz spaces, which generalize the classical #P-
spaces obtained from the power functions ®(t) = tP,1 < p < oo,

2.2. Discrete Orlicz Sequence Spaces and the Luxemburg Norm

Let ® be a Young function. The discrete Orlicz sequence
space associated with @ is defined by

o N
% = x=(xn)neN:zCD( 2 ><00f0rsome/1>0.

n=1

The space % generalizes the classical sequence spaces £7.
Since a Young function is not necessarily homogeneous, the usual
norm construction used in #P-spaces is not applicable. Instead, one
introduces the Luxemburg norm

x
I x lp= inf {A > O:ZCD (l X I) < 1},x€£’q’.

n=1

One may verify that ||l is a norm on #%. Consequently,
(#%, IIllp) is a normed vector space.

The Classical Spaces €7 as Discrete Orlicz Spaces

For 1 < p < o, consider the function ®,(t) = t?, t = 0. Since ®,,
is convex, strictly increasing, satisfies ®,,(0) = 0, and ltim D, (t) =
—00

oo, it is a Young function.
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The corresponding discrete Orlicz space is

2% = {x = (xn):z | x, IP< 00} = 4¢P,
n=1

Moreover,
. | X, P
||x||¢p=1nf A>0: ( 2 > <1,
n=1
Since

lx, NP 1
§ (5) =m0, 1

pryr n=1

the above inequality is equivalent to

(o]
Apzz | x, IP.
n=1

Hence,

00 1/p
% g, = <Z | %, |P> 1l x I,

n=1
Therefore,
@, _ _
£7p = {P, Il x ||q>p—|| x llp,

showing that every classical space #? is a special case of a discrete
Orlicz space.
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An Extended-Valued Young Function for £,

The classical space €., cannot be generated by an ordinary finite-
valued Young function. Indeed, if ®(t) < oo for every t = 0, then
the corresponding Orlicz condition imposes a summability
requirement on the sequence. In contrast, the defining condition of
£, requires only boundedness. Therefore, £, cannot be realized as
a discrete Orlicz space generated by a finite-valued Young function.

Nevertheless, £, can be obtained by allowing extended-valued
Young functions. Consider

0, 0<t<1,
d,(t) =1 1, t=1,
40, t>1.

The effective domain of @, is
dom (@) = {t = 0: P, (t) < 00} =[0,1],

which is a convex set. Moreover, @, is constant on [0,1). Therefore,
for every tq,t, € [0,1] and every 4 € [0,1],

Doy (Aty + (1 = Dtz) < APy (81) + (1 — D) Poo (£).

Hence @, is convex in the extended-valued sense. Clearly,
®,(0)=0,

and @, may be regarded as an extended-valued Young function. For
this choice of @, the Luxemburg condition

XACR

n=1
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holds if and only if

[ x, |

< 1foreveryn € N.

Indeed, if | x,, /A > 1 for some n, then one term of the series equals
+00, making the entire sum infinite. Thus the above condition is
equivalent to

sup | x, IS A
n

Consequently,
£P% = {x = (x,):sup | x, I< 00} = £,
n
Furthermore, the Luxemburg norm becomes
Il x llp,, = inf {/1 > 0:sup | x, I< /1} =sup | x, 1=l x ll.

n n
Therefore,

‘gq)oo = {’oo, ” X ||q>°o:|| X ”oo
Remark 2
Recall that
cbp(t) = tpt p 2 1
Forevery t > 0,
0, 0<t<1,
llm tp = 1, t = 1;
p=9 +o00, t> 1.

Thus,

Dy (t) = Pos(t) (p = )
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pointwise on [0, o). This provides a natural interpretation of £, as
the limiting member of the scale of spaces #P within the Orlicz
framework.

Motivated by this observation, we introduce the class
Soo = {q):‘gq) = ‘goo }'
consisting of all Young functions whose associated Orlicz sequence
space coincides with £, .
2.3. Some Properties of Young Functions

The following lemma gives a useful property of the slopes of a
convex Young function.

Lemma 3 Let @ be a Young function. Then

d(w) — P(v) - d(w) — d(u) - d(v) —P(w)
w—v - w—u - v—u

forall0 <u<v<w<oo.
Proof Since ® is convex,

PAu+ (1 -NHw) <AP(w) + (1 - 1)P(w)
for every A € [0,1].

Choose




so that
v=Au+(1-A)w.

Then
w—v
P(w) <

@ "o
w—u (”)“Lm w).

Rearranging this inequality yields

d(v) — P(u) < d(w) — P(u)
v—u - w—u

Similarly,
d(w) — P(u) < d(w) — dD(v).

w—u B w—v

Combining these inequalities proves the result.
Taking u = 0 and using ®(0) = 0, we obtain

d(w) — P(v) - d(w) - d(v)
w—v T w v

, O<v<w<oo,

Consequently, the function
P(t)
t>——
is nondecreasing on (0’ ).

To compare the growth of Young functions near the origin, we
introduce the following notion.

Definition 4 Let f,g:(0,00) = (0,00) be two nonnegative
functions.

We say that f and g are comparable near the origin, and write

f®)=g@® (t-0%),

--78--



if there exist constants ¢, C > 0 and § > 0 such that
cg®) < f()<Cg(t),0<t<é.
Similarly, f and g are said to be comparable at infinity, written
f(&) = g(®)(t > ),
if there exist constants ¢,C > 0 and M > 0 such that
cgt) < f()<Cg(t), t> M.

The relation f(t) = g(t) means that the two functions have the same
growth rate, up to multiplicative constants. In particular, if

t
im 2B ZL o<l<o,
t-0* g(t)

then

f®=g@®) (-0,

lim m =
t~e0 g(t)

Likewise, if
L, 0<L < oo,
then

f) =g() (t— o).

This notion will be used throughout the sequel to compare the local
growth behavior of Young functions near the origin and at infinity.

Comparison of Growth Rates

To compare the behavior of functions near the origin, we use the
following notion.
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Definition 5 Let f, g: (0,00) — (0,00) be nonnegative functions.
We say that f and g are comparable near the origin, and write

f@®) =g@®(-0"),
if there exist constants ¢, C > 0 and § > 0 such that
cg®) =f()<Cyg(®)

for all 0 <t < 4. This means that f and g have the same growth
rate up to multiplicative constants.

Proposition 6 Let @ be a Young function. Suppose there exists a >
1 such that

D)
lim

t—>0+ t(l

> 0.

Then there exist constants C;, C, > 0 such that

Cit* <P(t) <Ct,0<t < 1.
Proof Since
. D)
lim

t—>0+ ta

>0,

there exists a constant C; > 0 such that
d(t) = C,t7%, 0<t<1.
This gives a lower bound for ®.

On the other hand, since t = ®(t)/t is nondecreasing,
P
(®) < (1) ’
t 1
--80--
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Hence, setting C, = ®(1),
D(t) < (o, 0<t<1l
Combining the two estimates yields
Cit* < ®(t) < (o, 0<t<1

This proposition shows that a Young function satisfying the above
condition has power-type growth near the origin.

Typical examples include:

e D(t)=tPforp =1,
o O(t) =tlog (1 +t), for which

D(t) ~ t2(t - 0™).

These examples illustrate common growth behaviors encountered in
Orlicz space theory.

Young Functions Associated with £,

Recall the extended-valued Young function

0, 0<t<1,
d,(t) =1 1, t=1,
400, t>1.
Define
Seo = {®@: £® = £},

The following result describes the behavior of such functions near
the origin.
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Proposition 7 Let ® € S,. Then, for every a > 1,

()
im = 0.
t—-0t t<&
Proof Since @ € S, there exists & > 0 such that
d(t) =0, 0<t<é.
Therefore,
@(1)
te -

0, 0<t<yd,

for every @ > 1. Hence,
o(t) _

m
t—>0+ ta

0.

The proposition shows that every Young function generating the
space ¥, must vanish identically in a neighborhood of the origin.
Consequently, its growth near zero is strictly slower than any
positive power t*, a > 1.

The study of Young functions and their associated Orlicz spaces
originates from the pioneering work of Wiadystaw Orlicz and was
further developed by Rao and Ren (Rao and Ren, 1991). These
contributions established a powerful framework extending the
classical P and L? spaces by allowing more general convex growth
conditions.

3. Main Results

Equivalence of Two Norms On Sequence Spaces

A vector space may admit more than one norm. It is therefore
important to compare different norms defined on the same space.
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Definition 8 Let |I-ll, and |I-ll;, be two norms on a vector space X.
These norms are said to be equivalent, denoted by II-ll,~I-ll,, if there
exists a constant € > 1such that

1
C Ixlg<Hxp<C Il xllgx€X.

Equivalent norms induce the same topology and therefore have the

same notions of convergence and completeness (Conway, 1990;
Rudin, 1991).

The next result shows that whenever a Young function behaves like
a power function near the origin, the corresponding Luxemburg
norm is equivalent to the classical £f-norm.

Theorem 9 Let f > 1. Assume that there exist constants ¢, C > 0
such that

cth<p@)<ctho<t<1.

Then there exists a constant M = 1 such that

1
7 Txles<lxllo< M 1l x llpp, x € ¢P.

Proof Let x € £ and put
x

Ix llps

y

Then |l y ll,s= 1. Since 0 <| y, |< 1, we obtain

clyg P< oy 1) SClyy 15

Summing over k gives
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cSZCD(ka h<c.
k=1

Using the definition of the Luxemburg norm and the monotonicity
of @, it follows that

! <yl !
C _ y dD— C .
Since
X
Y S il
we obtain
1 1
C hx llp<ll x lp< p Il x Il pp.
Setting

1
M = max {C ’ E}'
the desired inequalities follow.

Corollary 10 Suppose that there exist constants ¢, C > 0 such that

cth<p@)y<cth, o0<t<il
Then
2° = 8,

Proof By the preceding theorem, the norms |-l and |I-ll 4 are
equivalent. Hence a sequence belongs to £® if and only if it belongs
to £8. Therefore, £® = £5.

The corollary shows that the behavior of a Young function near the
origin completely determines the associated discrete Orlicz sequence
space. In particular, if @ has power-type growth of order £, then the
corresponding Orlicz space coincides with the classical space £7.
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Completeness of Discrete Orlicz Spaces

An important question is whether the normed space (¢, l-llp) is
complete. Recall that a normed space is complete if every Cauchy
sequence converges to a limit belonging to the same space. A
complete normed space is called a Banach space (Rudin, 1991).

The following theorem establishes the completeness of £ under the
same power-growth assumption.

Theorem 11 Let § > 1. Suppose that there exist constants ¢, C > 0
such that

cth<p@)<sctho<t<1
Then the normed space (£%, lI-llp) is complete.

Proof By the previous theorem, there exists a constant M > 1such
that

1 ® 8
i Ix Nl xllo<M Il x ll,p,x € ¥ = £F,

Let (x™) be a Cauchy sequence in (£%, lIll). Then

I x® —xM L e< M | x® — x|,

which shows that {x(n)} is a Cauchy sequence in £#. Since g > 1,
the space €8 is a Banach space. Therefore, there exists an element
x € £ such that

x™ — x in £P.

Using the norm equivalence again,

Ix™ —xllg< M I x™ —x || ,5— 0.
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Thus x™ — x in #®. Since £® = £#, the limit x belongs to £®.
Hence every Cauchy sequence in #® converges in £®. Therefore,
(#%,1Illg) is a Banach space.

This result shows that whenever a Young function behaves like t#
near the origin, the corresponding discrete Orlicz space inherits all
the fundamental topological properties of the classical Banach space

2P In particular, % and €# coincide as sets and have equivalent
norms.

Inclusion Properties of Discrete Orlicz Sequence Spaces

We begin by recalling the classical inclusion property of the spaces
P,

Let 1 < p < q < 0. Then #P c £9. Moreover, for every x € P,

I x llpa<Il x llpp.
Thus, stronger summability implies weaker summability. In
particular, the spaces #P become larger as the exponent p increases.

For 8 > 1, the space £# is a Banach space endowed with the norm
0 1/B
I x Il = (Z %, |ﬁ> .
n=1

The inclusion relations among the spaces #f are completely
determined by the exponent f3.

We now investigate analogous inclusion properties for discrete
Orlicz sequence spaces.
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Theorem 12 Let 1< p; <pf,. For i = 1,2, let ®; be Young
functions satisfying

cthi< d(t) < CtPi,o<t <1,

for some positive constants c;and C;. Then £®1 < £%2, Furthermore,
the inclusion is continuous.

Proof By the norm-equivalence theorem, we have

i = pPi,
with equivalent norms. Since 1 < f8; < f3,, the classical inclusion
property of £P spaces gives £f1 c £82, Therefore,

,gcbl — {)ﬁl C gﬁz — [q’z_

This proves the inclusion. Moreover, using the equivalence of
norms, there exists a constant M > 0 such that

I llg, <M lxllp,  x€&%
Hence the embedding #®1-£%2 is continuous.

A Family of Orlicz Sequence Spaces

Let {®;};; be a family of Young functions. Assume that for every
i €1 there exists an exponent [5; = 1 and positive constants c;, C;
such that

cgthi<d, () <Ccith, o0<t<l.

In other words, each Young function ®; has power-type growth of
order f5; near the origin.

By the norm-equivalence theorem,
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2P = B iel.

Consequently, the inclusion properties of the corresponding Orlicz
sequence spaces are completely determined by the exponents ;.

Indeed, if B; < B, then the classical inclusion relation yields

fﬁi cC fﬁ]
Hence,
2% c ¢,

Furthermore, this embedding is continuous. Therefore,

%S £ (B < ).
Thus, among Orlicz sequence spaces generated by Young functions
with power-type behavior near the origin, the inclusion structure is
completely governed by the corresponding growth exponents.

5. Conclusion

Discrete Orlicz sequence spaces provide a natural generalization of
the classical [P-spaces through Young functions. This chapter
investigates discrete Orlicz sequence spaces generated by Young
functions and established their fundamental connections with the
classical sequence spaces [P. The Luxemburg norm provides a
natural norm structure for Orlicz sequence spaces and establishes a
unified framework in which the classical spaces [P (1 < p < oo0)and
[*arise from appropriate Young functions.

The results obtained show that when a Young function has power-
type growth near the origin, the corresponding Orlicz sequence space
coincides with a classical [#-space and possesses equivalent norm
and completeness properties. Moreover, the inclusion relations
between such spaces are determined by the associated growth
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exponents, highlighting the central role of the local behavior of
Young functions in the structure of discrete Orlicz sequence spaces.
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CHAPTER 6

A —PARAMETRELI GENUINE q —BERNSTEIN -
DURRMEYER OPERATOR DIiZiSi iCIN
VORONOVSKAJA TiP YAKLASIM TEOREMI

Ismet YUKSEL?
Ulkii DINLEMEZ KANTAR?
Giris
A-Bernstein operatérleri, x € [0,1] igin bﬁ'i(x), A€ [—1,1] sekil
parametresiyle birlikte Bezier temel fonksiyonlari

(L2 A
bk,O(x) by, 0(x) — bk+1 1 (),

< bkl(x) - bkl(x) + bk+1,i(x) - bk+1,i+1(x))) l = 1; rk - 1;

0 1(
A
bk k(x) = by (x) + bk+1 k()

olmak lzere

k

Bia) = Y g (2) o

i=0

! Prof. Dr. Gazi Universitesi, Fen Fakiiltesi, Matematik Bolimi, 06500
Yenimahalle, Ankara, ORCID: 0000-0002-2631-2382
2 Prof. Dr. Gazi Universitesi, Fen Fakiiltesi, Matematik Boliimii, 06500

Yenimahalle, Ankara, ORCID: 0000-0002-5656-3924
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seklinde tanimlanmistir (Zhou et al, 2025). Bu tip calismalarla
ilgilenen aragtirmacilar (Cai et al., 2018), ( Cai et al., 2021), (Lin et
al., 2024), (Su et al., 2024) makalelerinden faydalanabilirler.

Lupas, Bernstein polinomlarmin  g-analogunu literatiire
kazandirmistir (Lupas, 1987). Ardindan Phillips g-Bernstein
polinomlarmin bir bagka genellemesini vermistir (Phillips, 1997).
Ardindan, bir¢ok arastirmaci bu tip operatorleri daha da gelistirerek
cesitli g —Bernstein  operatorlerinin  yaklasim  6zelliklerini
aragtirmiglardir. Arastirmacilar bu tiir calismalarin bazilarini ( Gupta
& Heping, 2008), (Yiiksel & Dinlemez, 2015), (Dinlemez et al.,
2015), (Cai et al., 2025) makalelerinde bulabilirler.

q —Analiz ile ilgili temel tanim ve kavramlar De Sole ve Kac
tarafindan verilmistir (De Sole & Kac,2005).

n € N dogal sayisinin q — genellestirmesi

kA
[n]q: 1_q:q
n, qg=1

ile, ayrica n! ve binom katsayilarinin q —genellestirmesi
[nlq! = [11q[2]4[3]q - [nlq

Ve

-

q [klg![n—klqg!

bi¢iminde tanimlidir.

(1 — x)™ ifadesinin g —genellestirmesi
1e)"=0-10-gx)..(1-9"x)

seklinde ve g —Bernstein taban fonksiyonu
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n _
pd, () =[] *@ex"*
q
bi¢giminde tanimlidir.

—1<21<1ve0<q<1igin (4 q) —Bernstein temel fonksiyonlari

(2,
Pra(x) =pl (x) - mpzﬂ,l(x),
a

A, _ —
3 pn,z(x) - qul,k(x) + [n + 1]q (p‘g-}-l'k(x) - pg+1’k+1(x)) ) k - 1, ,n - 1,

A
A,
pn,gl(x) = pg,n(x) + mpg+1,n(x)

bi¢iminde tanimli olmak tiizere g € C[0,1] fonksiyonu igin,
genuine q — Bernstein Durrmeyer operator dizisinin A- parametrik
genellestirmesi

Un?(g(r), %) = g(O)pyd(x) + g(Dppi(x)

+ln = 10y TR ppd () fy PR s g @dgr, (D)
seklinde tanimlanir.

Bu operatorler q=1 ve 1=0 igin Up' genuine Bernstein
operatdrlerine indirgenir (Chen, 1987).

(1) operator dizisinin asimptotik yaklasimini incelemek igin
Voronovskaya tip teorem verilecektir. Bu ¢esit calismalar (Dinlemez
& Yiksel, 2016), (Altun & Dinlemez Kantar, 2024), (Torun et al.,
2022), (Dinlemez Kantar & Ergelen, 2019) makalelerinde
bulunabilir. Son olarak elde edilen teorik sonuglarin grafik analiziyle
incelemesi yapilacaktir.

Simdi, Voronovskaya tip teoremi elde edebilmek icin gerekli olan
lemmalar verilecektir.



Lemma 1 in ispat1 “Genuine g —Bernstein — Durrmeyer Operator
Dizisinin Parametrik Genellestirmesi” boliimiinde e;(r) = r/ olmak
iizere j = 0,1,2 i¢in agik¢a yapildigindan bu ispata benzer sekilde
Jj = 3,4 i¢in ispatlar okuyucuya birakilmistir.

Lemma 1. j = 0,1,2,3,4 dogal sayilar1 olmak tizere ej (r) = rJ test

fonksiyonlarina karsilik (1) de tanimlanan U,’}'q operatdrleri igin
asagidaki esitlikler elde edilir:

i) UM(epix) =1,

ll) U/lq(el,x) = x4+ i { A+ _ (1 —2x(1 @ x)" — n+1)}

# — n+1 _ ,n+1
gy, L (1©X) *
ceon g, N _ _[2lg a’[n-1lg ’-1) 1
iii) U, (eg;x) = [n+1]qx + o, x? [ +1] (x? — )

(2144 _on+l
gy, & X -

q6[n_2]q[n_1]q 3 ([z]qq3+[4]qq2)[n_1]q 2

iv) Uy (5 x) =

[n+1]q[n+2]q [n+1]g[n+2]q
[214[3]4 A ({ [214[3]4 Y x”+1>
[n+1]g4[n+2]q [n+1]g \([nlq[n+2]q

[21g2°+[41q9® . 5 qp41y , Cln-1g 3 ,H1
oz, & XA g )

_ Blg 2 ne1y_@ln-llg o3 x 1
[n+2]q( ) [n+2]q ( ) ’

[2]4[3]4[4]q

Aq . —
V) Uy (e45%) = [n+1]4[n+2]g[n+3]4

([214[81qq*+([21ga%+[4]1q9%)[5]g) [n—1]4 2
[n+1]g[n+2]g[n+3]4

+
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([z]qq8+[4]qq7+[6]qq6)[n_2]q[n_l]q 3
X
[n+1]g[n+2]4[n+3]q

qlz[n_?’]q[n_z]q[n_l]q 4
[n+1]g[n+2]4[n+3]q

([z]q[3]qq4+([2]qq3+[4']qq2)[5]q)[n_1]q (xz _ xn+1)
[n+2]4[n+3]q

+

([21qq°+[41qq” +[61qa®)In-1lq . 3 510
[n+2]4[n+3]q (x X )

q'?n—2]gln-1lq - 4 n43
[n+2]q[n+3] (e* —a7%)

__ [3lql4lq 2_ .m
2l ey & X

_ (18lga*+4%[5lq)[n-1]4 (x? — x"*2)
[n+2]4

a°n—2lgln-1lq . 4 _n42
[n+2]g[n+3], (% =29}

Lemma 2. j = 1,2,4 dogal sayilar1 olmak iizere ¢;(r) =

(r —x)’ moment fonksiyonlarina karsilik U,){‘q operatdrleri i¢in
asagidaki esitlikler elde edilir:

o 1744 LN Mg-Dx(-x™) | A1-(10x)" -1}
D) Un™(p12) = =) qlnlgn+1l,

)’

[2]gx(1-x) {[Zqu(l—x”) _ (1-aoxmti-xmtt)

. Aq . —
i) Up " (@25 %) = [n+1]q [nlgn+1lq qnlgln+ilg

n (¢*-1)x*(1-x""1) 2(q—1)x(1—x")}
[n+1]q Q[n]q ’
ese Aq i _ qlz[n_?’]q[n_z]q[n_l]q _ q6[n_2]q[n_1]q
i) Uy ™ (94 %) = { [n+1lgln+2]in+3]g [n+1lgln+2],
21—
+6L e _ 3}x4
[n+1]q
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+ ([z]qq8+[4’]qq7+[6]qq6)[n_z]q[n_l]q
[n+1]4[n+2]4[n+3]q

_ 4([21qq%+[41qq%)[n-1lq | 6[2]q ) 3
[n+1]g[n+2]q [n+1]q

+ {([z]q[3]qq4+([2]qq3+[4']qq2)[5]q)[n_1]q _ 4’[2]q[3]q }xz

[n+1]g[n+2]4[n+3]q [n+1]g[n+2]q
[Z]q[3]q[4’]q A [n_z]q[n_l]q(qlz_qs)x4(1_xn_3)
[n+1]4[n+2]4[n+3]y [n+1]4 [n+2]4[n+3]q

_ 4(q%-q*)[n—1]gx*(1-x""2)
[n+2]q4

+6(g% — Dx*(1 —x™ 1)

_ 4(q-D[n+1]gx*(1-x™) = 6[2]gx3(1-x™)
q [n]q [Tl]q

_ 4([21qa°+[41qq?-[3]g)x*(1-x""1)  4[2]q[3]qx*(1—-x™)
[n+2]4 [n]qn+2]4

_4x3(1-(1ex)™ x| ([2]4[31q9*—[3]q[41q)x* (1-x"71)
qlnlq [n+2]4[n+3]q

[Z]q[slqm]qx(l—x”*l)}
[nlg[n+2]4[n+3]4

Ispat. U,'}'q operator dizisinin lineerligini ve Lemma 1 in
sonuclart kullanilarak ve gerekli diizenlemeler yapilarak Lemma 2
nin ispat1 tamamlanmais olur.

Lemma 3. (gq,,) < (0,1) dizisi igin n = oo iken q,, > 1 ve
n — oo iken q;; = f olsun. Bu durumda asagidaki esitlikler elde
edilir:
i) lim [0, Up ™ (1;%) = 0,

ii) rllgrc}o[n]anj‘q"(qoz;x) =2x(1 —x),

i) lim [2]2 UX™ (@, x) = 12x2 (x — 1)2.
N "dn -1 4

--97--



Ispat. i) ve ii) nin ispat1 “Genuine g —Bernstein — Durrmeyer
Operatér Dizisinin  Parametrik  Genellestirmesi”  boliimiinde
ispatlanmustir.

qn12 [n_3]qn [Tl—Z]qn [n_l]qn
[n+1]g, [n+2]q, [n+3]q,

lim [n]Z, Uy ™" (¢4; %) = lim [n]2, [{

n—oo [ee)

_ 4Qn6[n_2]qn[n_1]qn 6Qn2[n_1]qn -3 x4_
[n+1]g,[n+2]q, [n+1]q,

+ ([Z]anns+[4‘]qnqn7+[6]ann6)[n_z]qn[n_l]qn
[n+1]q, [n+2]q, [n+3]q,

_ 4(2lgyn’+41gy an?)n=1lgy e[z]qn} 3
qnln+2lq, [n+1]q,

+ ([Z]Qn[3]ann4+([2]qnlIn3+[4]qnqn2)[5]qn)[n—1]qn
["+1]£In[n+2]£m[n+3]qn

_ 4[2]Qn [3]1171 2 [Z]QnB]Qn [4]Qn
[n+1]qn[n+2]qn [n+1]qn[n+2]qn[n+3]qn

4 {[n‘z]qn["‘1]qn(qn12‘Qns)x4(1‘xn_3)
[n+1]qn [n+2]qn[n+3]qn

_ 4(qn°—qn®)[In—1lg, x*(1-x""2)
[n+2]q,

+6(q,%2 — Dx*(1 —x™1)

+ [4]‘1n [n_l]ann3(1_qn+Qn3[3]qn)x3(1—xn_2)
[n+2]4,[n+3]

qan

_ 4(G@n-DIn+1lg,x*(1-x™) | 6[2]g,x*(1-x™)
qnln] an [n] an

— 4([2]‘1nqn3 + [4]ann2 _[3]Qn)x3 (1_xn—1)
[n+2]q,

_ 4x3(1-(1@x)"t1—x"+1) _ 4[2]g,[31g,x2(1—x™)
Qn[n]qn [n]qn [n+2]qn

([Z]an'ﬂ3+[4]ann2)[5]an2(1_xn_1)
[n+2]q,[n+3lq,
--08--
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(1214, 3], an*=[31q,,[4] g, )2 % (1=x™"1)
[n+2]q, [n+3]q,

+

+

[Z]qn[3]qn[4]qnx(1—x")}]

[nlg, [n+2]g, [n+3lq,
elde edilir.
Yukaridaki limitler ayr1 ayr1 asagidaki gibi hesaplanir:

2 {qnlz [n_3]qn [Tl—Z]qn [n_l]qn _ qn6 [Tl—Z]qn [n_l]qn

Ly = lim [nfg, 1= rmy, fnealy, nealy, [t Llgn [n+21q,

Gan[n_l]qn _ 3} x4,
[n+1lg, ’

Daha sonra parantezin iginin paydalari esitlenip pay kisminda

_ [n+1lg,~[2]gy

[n B 1]qn qn? ’
[n+2],.,—[4]
[Tl - Z]qn = 224 qn,
[n+3]g,-[6lq,
[n=3lg, ==
ﬂ’ q ¢ 1
yazilir ve [n], = { 1-q tanimi1 kullanilirsa
n, qg=1

L, = 12x*
bulunur. Benzer sekilde

(121q,4,5+141, a,7 +[6],, 4,° )In-2], [n-1],
[n+ 1]qn[n+2]qn [n+3]qn

n—oo

_ 4([214,0,° +[4q 0,7 In-1],,
[n+1]qn [n+2]qn

4 Sty }x3 = —24x3,

[n+1]qn
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Jim [ ]2 ([Z]qn[3]qnqn4+([2]qnqn3+[4]qnqn2)[5]qn)[n—1]qn_ 4[2], 3], 5
nses 14 [n+1], [n+2], [n+3], (1], (2,
= 12x2,
[2]4 [3]14 [4]
— 13 2 An " 4n Ay
Ly = 71152[" n {[n+1]qn[n+2]qn[n+3]qn

LA ([n-Z]qn[n-l]qn(qn“-qns)x4(1-xn‘3)

[n+1]qn [n+2]qn[n+3]qn

4(qn6_qn3)[n—l]qnx4(1_xn—2)
B [n+2],

+6(q,2—1)x (1-x)

N [4],, [n-1],,4,% (1=0,+4,°[3], )x3(1-x""2)
[n+2]qn[n+3]

In

4-(qn—1)[n+1]qnx4(1—xn) 6[2]qnx3(1—x")

qn [n]qn [n]qn

_ 4{[21g,0,+ 141 0,2 13], Jx* (1-x"7)
[n+2]qn

_ax¥(1-(1ex)Mi-xm)  4l2]g (3], x*(1-x™)

a,[nlq, [n]q, [n+2]q,

([Z]ann3+ [4']qnqn2)[5]qnx2 (1-x""1)
[n+2]g, [n+3],,

([Z]qn [3]qnqn4_[3]qn [4]qn)x2 (1-x""1)
[n+2],, [n+3],,

2 3 4 1-xm
[2],,[3],, [4], x(1-x ))} _ 0

[n]qn[n+2]qn[n+3]qn
elde edilir. Boylece ispat tamamlanmis olur.

Teorem 2. (g,,) < (0,1) dizisi igin n - oo iken g,, = B olsun. g €
C?[0,1] i¢in asagidaki limit elde edilir:
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lim [n], (U2 (9,2) ~ 9()) = x(1 ~x)g" (x).

n—->oo

Ispat. g fonksiyonunun x noktasindaki Taylor agilimy,

r - x iken £(r, x) = 0 olmak lizere,

gll(x)
2

g@®) =g(x) +9'()(r—x) + (r—x)? +e(r, ) (r — x)*

dir. Bu esitlige U;}’q" operatorii uygulanirsa operator dizisinin
lineerliginden

Urn(g,x) — g(x) = g’ U™ (r — x,x)

_I_grrz(x) U,’}qn((r —x)2,%) + U,f’q”(e(r, 0 —x)2 %)

yazilir.

Her iki tarafi [n],  ile ¢arpilir ve limit almirsa,

q

lim [n],, (U2 (9,2) = g()) = g'CO) lim [n], U " = 2, )

n—oo

n 9" (x)

Jim [n]q, Uy " ((r = x)%, %)
+1im [0, Uy ™ (e(r, ) (r = %, %)  (2)

elde edilir. Sag taraftaki son terim i¢in Cauchy- Schwarz esitsizligi

uygulanirsa,

lim [n]g, (U4 0 = 2)%,2))

n—oo

< \/Tgl_{lolo UT/},Qn(g(r, x), %) \/%l_r)l;lo[n]czaniqn((r — %)% %)
3)
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bulunur. Lemma 3 ten dolay1 (2) esitligindeki limitler sirastyla

lim [n]qn U,’}'q” (r—xx)=0,

n—oo

lim [n]an,/}'q”((r —x)%,x) = 2x(1 — x),

n—oo

71im U,’}‘q”(e(r, x),x)=0 ve T&im [n]gnU:'q"(go4;x) =12x2% (x — 1)

sonlu oldugundan (3) esitsizliginden

lim [n], (U,’}”q" (e(r,x)(r — x)?, x)) = 0 hesaplanir. Boylece

n—oo

lim [nl,, (V2" (9,2) = 9(0) = x(1 = 00" @)

n—-oo

elde edilir. Boylece ispat tamamlanmis olur.

Simdi (1) operatdrii kullanilarak,
02 (g %) = Up (g ) — g (x + 07 () + g (x) 4)
yardimci operatdrii tanimlansin. Burada

A, A 1
oy (x) = E{x — x"+1 —5(1 —2x(1© x)" — x”*l)}

A {1 _ (1 e X)n+1 _ Xn+1}

Q[n]q[n+1]q

dir. Lemma 4 iin ispat1 acik oldugundan verilmeyecektir.

Lemma 4. U9 operatérleri i¢in asagidaki dzellikler saglanir.
i) 0(1;x) =1,
i) UM (r — x;x) = 0.

Teorem 3. U,’}'q operator dizisi her x € [0,1] ve her
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€ €2[0,1] icin
g ¢

(Jies i)
2

|0 (g,x) — g(x)| < gl

esitsizligi vardir. Burada Qﬁ’q = % + ﬁ |A| dir.
q q

g € C?[0,1] fonksiyonunun x noktasindaki Taylor agilimi
9(r) =g +g' () —x) + [[(r —w)g" Wdu 5)

seklindedir. (5) esitliginin her iki yanina lA],’}'q operator dizisini
uygulayip, Lemma 4 kullanilirsa,

T
Un 9 (g(t); %) — g(x) = Uy (f (r—w)g" (Wdy; x)
X
olur. (4) ve Lemma 2 nin (i1) esitliginden
|02 (9 2) = 90| < Ux (|} & = wg" Wdu|; x)

+op(x) A
+ IO+ o0 - o] 19" lau,

2 2
< ”gII” (Ui»,q ((T—Zu)z , x) 4 (O'n qZ(X)) >
< ||92”||< \/9;17 + (Uj'q(x))z)

esitsizligi elde edilir.
& > 0 i¢in Peetre k-fonksiyoneli

k2(g:8) = inf {llg — hll + SlIA"1} ©)

olarak tanimlanir. De Vore ve Lorentz (1993) den
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K2(g;0) < sz(g;\/g) (7

olacak bi¢imde bir L > 0 sabit vardir. Burada w, ( V8 ) fonksiyonu
g nin ikinci dereceden siireklilik modiiliidiir ve

w;(g;V8) = sup sup  |g(x + 2k) — 2g(x + k) + g(x)|
0<ks<\3 Xx+kx+2ke[0,1]

®)

seklinde tanimlanir.

Teorem 2. g € C[0,1] olsun. x € [0,1] igin U,f’q operatorleri L > 0
pozitif bir sabit olmak iizere agsagidaki esitsizligi saglar:

2
A q Aq
(o) g +(Gﬂ’ (x))

4,
Un?(g(t); ) = g@)| < L | g5 -

)

Ispat. g € C[0,1] olsun. h € C%[0,1] igin
|Ur (g 0) = 9@)| < [0 (g(r) = h(r); x) = (g = ()|

+|02 9 hr; ) = h(0)|

+]g(x+00900) - 9|

<4llg—hll + o (g; [or?(0)|)

L fora + (400)) )

olur. (9) esitsizliginin sag tarafinda her h € C?[0,1] i¢in infimum
alinirsa,
--104--



Ux?(g(r); ) — ()|

2
< 4k, (g;M) +w (g; |a,’}'q(x)|)

esitsizligi elde edilir.
Grafiksel Sonuclar

Calismada elde edilen teorik sonuglari desteklemek amaciyla,

UM (f (); x) operatorler dizisinin

f(x)—( (x—%) +4(x—§) + 3x —%)(g—x) 1n(——x) (10)

fonksiyonuna yaklagiminin grafiksel sonuglar1 gosterilecektir.

Ornek. x € [0,1] olmak iizere, ilk olarak (10) da verilen f

fonksiyonu i¢in asagidaki grafik U, 1/ 209(f ; x) operator dizisinin
n =5,10,40 degerleri i¢in f(x) fonksiyonuna yakinsamasini
gostermektedir (Sekil 1).

Sekil 1. Ué’o'g(f ; x) operatorlerinin f(x) fonksiyonuna
yakinsamasi

n=35
n=10
n=40
fix)
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Ikinci olarak, asagidaki grafik n = 5 ve g = 0.9 olmak iizere 1 =
—1,0,1 ¢ farkli degerleri igin U5“’-9(f ; x) operatorlerinin £ (x)
fonksiyonuna yakinsamasini géstermektedir (Sekil 2).

Sekil 2. UY*°(f; x) operatorierinin f(x) fonksiyonuna

vakinsamasi

\
204 |

A=1
A=0
— A=l
fix)

Burada n > 1 dogal say1 olmak tizere, [0,1] iizerinde U,)Ll’q (f; x)
operator dizisinin n arttik¢a f € C[0,1] fonksiyonuna dogru egilim
gosterdigi gdzlemlenmektedir.
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CHAPTER 7

GENUINE q — BERNSTEIN - DURRMEYER OPERATOR DIZiSININ
1 — PARAMETRIK GENELLESTIRMESI UZERINE

Ulkii DINLEMEZ KANTAR?
ismet YUKSEL 2

Giris

Yaklasim teorisi kapsaminda, siirli kapali bir aralikta, siirekli fonksiyonlara diizgiin
yakinsayan, lineer pozitif operator dizileriyle yaklasim problemleri incelenmektedir.

Weierstrass, [a, b] kapali aralik iizerinde tanimlanan her bir siirekli fonksiyona diizgiin
yakinsayan bir polinom serisinin varligini (Weierstrass, 1885) de kanitlamistr.

Bu kanitin uzunlugu ve karmasikligi nedeniyle, birgok matematik¢i Weierstrass Yaklagim
Teoremi iizerinde ¢alisarak, daha basit ve daha erisilebilir bir kanit saglamak i¢in uygun diziler
gelistirmislerdir.
Bernstein (1912), [0, 1] lizerinde tanimlanan herhangi siirekli bir g fonksiyonuna yaklasabilmek
i¢cin

K

Bulg0 =Y g(p)but.  xe o

=0

seklinde tanimlanan ve Bernstein polinomlar1 ad1 verilen bir polinom serisi formiile etmistir.

Burada, k € N olmak iizere by ;(x) = (];) xF(1 — x)k dir.

x € [0,1] igin, A € [—1,1] sekil parametresiyle birlikte b,ﬂ‘,i(x) Bezier temel fonksiyonlari

( A
bl/},o(x) = bk,O(x) - k_-l-lbk+1’1(x)'
4 bt (x) =b -(x)+L(b (%) — byt (x)) i=1,..,k—1
k,i k,i k+1 k+1,i k+1,i+1 ) )y )
A
L bit () = by (x) + mbk+1,k(x)

olmak {iizere, A-Bernstein operatorlerini

L Prof. Dr. Gazi Universitesi, Fen Fakiiltesi, Matematik Bolimii, 06500 Yenimahalle, Ankara, ORCID:0000-0002-
5656-3924
2 Prof. Dr. Gazi Universitesi, Fen Fakiiltesi, Matematik Bolimii, 06500 Yenimahalle, Ankara, ORCID: 0000-0002-
2631-2382
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k

B}(g,x) = Z g (i) b (x)

=0
ile tanimladilar.

Lupas (1987), Bernstein polinomlarinin g-analogunu literatliire kazandirmistir. Ardindan
Phillips (1997), q —Bernstein polinomlarinin bir baska genellemesini vermistir. Bircok
arastirmact bu tip operatorleri daha da gelistirerek cesitli g —Bernstein operatorlerinin
yaklasim Ozelliklerini vermislerdir (Khan et al, 2021) (Sabancigil, 2023) (Gupta V. , 2008)
(Gupta & Heping, 2008) (Dinlemez & Yiiksel, 2016). q —analiz ile ilgili temel tanim ve
kavramlar i¢in (De Sole & Kac, 2005) calismasina bakilabilir.

n € N dogal sayisinin g — genellestirmesi [n], ile gdsterilmek iizere

ik I
[n]q — 1— q » q

n, qg=1

seklinde, ayrica [n],! Ile gdsterilen q —faktdriyel ve [Z] ile gosterilen g —binom katsayilari
q
sirastyla
[n]q' = [1]q[2]q[3]q [n]q

ve

bigiminde tanimlanmaktadir.
(1 — x)™ ifadesinin g —genellestirmesi
1ox)"=>0-x)1-gx)..(1-q"x)
esitligi ile verilmektedir, ayrica ¢ —Bernstein taban fonksiyonu
n _
Pl (0 =[1] @ ex"*
q

bigiminde tanimhidir.

—1<1<1ve0<q<1i¢in (4, q)—Bernstein temel fonksiyonlari

(2,
pn,g(x) = pz,o(x) - [n + 1]q ng_l‘l(X)i
A, _ —
4 pn,lz(x) - pz,k(x) + [n + 1]q (p2+1,k(x) - pz.,_llk_,_l(X)),k =1,..,n—1,
A, _
\pn,Z(x) - pz,n(x) + [n + 1]q p1(f11_+1,n(x)
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bi¢iminde tanimli olmak iizere, f € C[0,1] fonksiyonu i¢in, g —genuine Bernstein
operatorlerinin A- parametrik genellestirmesi

Ura(f (), %) = FOPprd (x) + F(Dppd(x)

+[n — 1q ZR2dprf () f, Pl jer (DF(P)dgr 1)
seklinde tanimlanir.

Bu operatérler ¢ = 1 ve A = 0 i¢in Up" genuine Bernstein operatérlerine indirgenir (Chen,
1987).

Simdi bu ¢alismada elde edilecek Teorem i¢in gerekli olan lemmalar verilecektir.

Lemma 1. j=0,1,2 olmak iizere e;(r) = r/ test fonksiyonlarma karsilik, (1) de

taniml1 U,/}’q operatorleri i¢in asagidaki esitlikler elde edilir:
) Up¥(ei) = 1,

ii) U,’}‘q (e;x) =x+ L{x —x™tl — 5 1-2x(16x)" - x”“)}

[nlq
b (1= (10 0™ ™),
iii) U, q(ez,x) = n+]1] q;i:]l] Z 4+ [( +1]1) (x%2 — x™*1)
[n]iz[]quﬂq (x — x™+1),

Ispat. ispat1 yapabilmek icin beta fonksiyonu yardimiyla ilk 6nce asagidaki esitlikler

1 1n—2 _ —1-
Iy = fo pgl—Z,k—l(r)dqr = fo [k _ 1]qu faent

_ [n —2],! T _ ~ 1
_[k—l]q![n_k_l]q!,[) rk-11er)r? kdqr_[n_l]q' )
1 1
I1=jo Prgk 1(T)rdr—jo[z:1] k(l@r)nlkdr
__ lKlg
B [n - 1]q[n]q’ (3)
' ! n—2
I, = J;) pZ—z,k—1(r)T2qu = j(; [k _ 1]q e rd,r
_ [klq[k + 1], , “

[n —1]4[nl4[n + 1],

elde edilmistir.
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i) (1) operator dizisinde f(r) = ey (r) alinarak (2) de verilen esitlik kullanilirsa,

Up(eg; X) = piyd (x) + ppa (x) +n — 11, TRz pid (01
n /1 n—1
= z P () = mz Pt jers ()
k=0 k=0

n
A
HEEE ) Pl
=1
=1
elde edilir.

i) Yine (1) operator dizisinde f(r) = e, (r) alinarak (3) esitligi kullanilirsa,

n-1
U () = P + [ = 1]g ) prACoL,
k=1
_ X Aq [k]q
- pn_k (x) T
Z; [nlq
n-1
A (k]
= Z {pg.k (x) + [+ 1] (pz+1,k(x) - pg+1,k+1(x))}# + Pg,n(x)
k=1 a 1
A a
+ [n + 1]q pn+1,n(x)
- [n+1],
= k n+l-k
—x [n+1], qz [n— k+1] 19x)
k=1
n-1
A [n +1]4! [Klq ck+1 n—k
"t 1,0, Z[k+1] =k~ 1OX)
. e [k+1]4—-1 .
elde edilir. Daha sonra esitligin son toplaminda [k], = . yerine yazilirsa,
Ax = [n],!
Ur/ll,q X)) =x+ : (1 n-k
(r,x) =x [n]quO[k]q T — k], 10x)
2 n-1 [Tl] |
X !
— k 1 n—k
q[n]qu it — kg (O
Ax - [n],!
+ L xF(1Qx)"k

qlnlq & Tk + 1! [n — k]!

Ax=x""N(g-1) LA XM -1 ex0)™h
qlnlq [n +1]q4[nlq
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elde edilir.

iii) Tekrar (1) operator dizisinde f (1) = e,(r) alinarak (4) esitligi kullanilirsa,

n-1

A, 4, )
U, 2) = pra() + [n = 11g ) phfCol,
k=1

[kl [k +1
U x)—zp (x)nz +1]]

2 Z [n+ 114! [y [k + 1]

[klg! [n+1—klg! Ixk(1 @ x)nti-k

=
Juy

Ao gl Kk + 1, . e
_[n+1]qz [t Ay * (1O k}

elde edilir. Son esitligin sag tarafindaki {iclincii serisinde

=

=1

[k + 1], = [2]4 + ¢*[k — 1],

yerine yazilmasiyla ve gerekli sadelestirilmeler yapilarak;

U (2, x) = [2],[n]yx + g2[n — 1], [n]x?

L
[n + 1]4[nl,

n-1

Ax [n]q! . .
+ [n+1]4[nl, kZO [k],! [n — k]q!x (10x)

n-1

Agx [n],! . .
+ [n + 1]4[nl, kZO [kl,! In — k]q!x (10 x)

n-2

Aq?x? [n—1],! . 1k
+[n+1]qkzo[k]q![n—1—k]q!x (16

PP [n—1],! . N
B Kl in—1-K," 1O
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qZ[n - 1]q 2 4 [z]qx + A(xz - xn+1)(q2 - 1)

Aq _
Ut G0 = gy [+ 1],

A[Z]q(x - xn+1)

[n + 1]4(nl,

hesaplanmis olur.
Asagida verilen Lemma 2 nin ispati1 a¢ik oldugundan arastirmaciya birakilmistir.

Lemma 2. (q,) < (0,1) dizisin —» o i¢in g, = 1 ve gjy = £ olsun. j = 0,1,2 igin
; Adn( Y
Al_r)glo (U, (e],x) x/)=0

dir.

Lemma 3. j = 1,2 olmak lizere ¢;(r) = (r — x)’ moment fonksiyonlarina karsilik U, Adn

operatdrleri i¢in asagidaki esitlikler elde edilir:

{(1 — i)x(l —x™)+ @}

___r
an [n]qn [n+1]qn

l) U »an ((pli x)

[n] an

{1 _ (1 e x)n+1 _ xn+1}’

Aqn qn?[n— 1]qn 2 [Z]qn A(Qn 1) 2 XM= 1 (2] ant
ll) Un (¢2’ x) = [n+1lg, + [n+1lg, X+ [n+1]qn a- )+ [n]g, [n+1lq (1 x")
—2x{x+ 2 [(1 —i) x(1—x™) +M]
[n]qn qn qa,
A _ n+1 _ ,.n+1 } 2
+ PREETET [1-(16x x4 x
q,’n—1]; —[n+1], 2, [2]q, Aq*-1) 2(1 — xn-1)
= x —_—
[+ 1], m+1l, I+l
2], A A 1 2x(1 & x)"
+—[ Ja, x(1—x") —2x [(1 ——> x(1—x™) RaiCIcLol
[, n+ 1], [, . a,
—2x———{1- (1@ )™ — %™}

qn [n]qn [n+ 1]qn

_ [Z]qnx(l —-X) 3 [Z]an(l —x™) = 2x(1 — (1 © x)+1 — xn+1)
T [n+ g, + { [nlg [n+1]g

(q,2-Dx*A-x"1 2 1 W 2x(1Ox)"
+ It 1]qn 2x [n]qn [(1 p )x(l —x™) + —qn ]} .

n

Ispat. i) ve ii) nin ispatlar1, U,f’q operator dizisinin lineerligi ve Lemma 1 in sonuglari
kullanilarak tamamlanir.
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Lemma 3. (q,,) < (0,1) dizisi i¢in, n - oo iken q,, » 1 ve n - o igin g2} — B olsun.
Bu durumda asagidaki limitler elde edilir:

o 1 Adn
i) lim [n]q, Uy ™ (@1, %) = 0,

if) lim [n]g, U ™" (3 ) = 22(1 ~ x).

Ispat.
BT Ane N — i 1 1 omy . 2zx@ae0™|
D g [lan Un ™ (02i2) _hr?l[:gq“{[[n]qn (1-5)x—xm + 253 ]_ 0
oy 10 Mng. oo\ 1 [2] g, x(1—x) . ([2]gy (x—x™*1)—2(x—x(1©x)" 1 —x"+2)
i) lim [n], U™ (02; ) = lim [n], 20—+ 2lim { L

2 1)(x? — xnt1 A 1 2x(1 © x)"
(gn — 1)( ) . l(l——)(x—x”+1)+ 1e )l}
[n+1lg, [n]g, Gn n
= 2x(1 —x).
Yaklasim Ozelligi

U,'}'qoperatérleri icin Korovkin tipi yaklasim teoreminin kosullart Lemma 2 den saglanir.
Burada once stireklilik modiiliinii kullanarak yakinsaklik oranini veren teorem verilecektir.

Birinci siireklilik modiiliinii h € C[0,1] fonksiyonu igin
w(h; 8) = max{h(x + k) — h(x), x,x+k €[0,1],0 < k < 6} (5)
olarak verilsin.

Birinci stireklilik modili

Ih(x + k) — h(x)| < w(h; &) <1+ Ir;xl) 6)

esitsizligini saglar.
Teorem 1. h € C[0,1] olsun. 1 € [—1,1] ve q € (0,1) sayilar1 i¢in

Aq _ [2]q 8 .
= e, + o |A| olmak tizere,

|Uﬁ'q(h; x) — h(x)l <2w (h; /Qﬁ'q) (7

esitsizligi vardir.

Ispat. Ik olarak (1) de tanimlanan Ui’q operatdriiniin lineerligini kullanacagiz, daha
sonra esitligin her iki tarafinin mutlak degerini alacagiz. Son olarak (6) da verilen esitsizligi
kullanirsak
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U (h; x) — h(x)| = [UZ29(R() — h(x); %)
< UP(Ih(t) — h(x)];x)

<02 (s 5) (1422 2)

= w(h; 6) (1 + Ut - x| x))
olur. Bundan sonra

U,)ll’q(lr — x|; x) ifadesine Cauchy Schwarz esitsizligi uygulanirsa,

|Uﬁ'q(h; x) — h(x)| < w(h; 6) <1 + %Juf{q((r —x)2 x))

elde edilir. Lemma 3 te elde edilen ii) sonucu kullanilirsa,

[2]4x(1 — x) N A{[Z]qx(l —x™) —2x(1 = (1 © x)"1 — x™t1)

Aqn _ 2. —
U, ((r=x)%x) [Tl+ 1]q [n]q[n+ 1]q

(¢ — Dx2(1 —x™1) y) 1 .
+ 2x—[(1—5>x(1—x)+

B 2x(1© x)"l}
[n+1], [n], q

esitsizligi elde edilir. Burada Qﬁ’q = —4[7[121‘;] q[:]
q q

|Uﬁ'q(h; x) — h(x)| < 2w (h; /Q:ll,q>

esitsizligi saglanir.

|A] secilirse;
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